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SUZUKI’S THEOREM ON S(q1, 9>, q3)-METRIC SPACES
DINH LY SUZUKI TREN KHONG GIAN S$(q1, 5, g3)-METRIC

Nguyén Sy Thflng, Ong Hoang Anh Kiét, Nguyén Hoang Thanh
Truong Pai hoc Su Pham - Pai hoc Pa Nang

ABSTRACT: This paper extends the Suzuki theorem, a generalization of the Banach
contraction principle, to a new class of generalized metric spaces, specifically S (q, q., q;) -metric
spaces. The primary objective of this study is to establish the necessary conditions to affirm the unique
existence of fixed points for mappings satisfying the Suzuki contraction condition on S (q,, ., q;) -
metric spaces. The results of this paper indicate that the Suzuki theorem remains valid in generalized
metric spaces, specifically in S (q,, q,, q;) “netric spaces.

Keywords: Contraction mapping, Suzuki's theorem, S-metric spaces S (q,, q,, q;) -metric
spaces, fixed point.

TOM TAT: Bai béo nay mé réng dinh 1y Suzuki, la mét dang mao réng ciia nguyén Iy anh xa co
Banach, sang l6p cac khong gian metric suy réng moi, cu the la khong gzan S(q,9,q; ) -metric.
Muc tiéu chinh ciia bai bdo nay la xdy dung cdc diéu kién can thiét nham khdang dinh si ton tai duy
nhat ciia diém bét dgng cho cdc dnh xa théa man diéu kién co Suzuki trén khéng gian S (q,, 4., q) -
metric. Két qua ciia bai bdo nay cho thdy rang dinh Iy Suzuki van diing trong cdc khéng gian metric
suy rong, cu thé lakhéng gian S (q,,q., q,) -metric

Tir khéa: Anh xa co, dinh Iy Suzuki, khéng gian S-metric, khong gian S (q,, q,, q,) -metric,
diém bat dong.

1. GIOITHIEU

Trong ly thuyét diém bat dong, dinh
ly Suzuki [10] gidi thiéu boi Tomonari
Suzuki duoc xem 1a mot trong nhitng két
qua tinh t& mo rong nguyén ly anh xa co
Banach [2], khi thay thé diéu kién co toan
cuc bang cac diéu kién co suy rong phu

Trong s6 cac huéng md rong tidu
biéu, khong gian gia metric va cc bién
thé ctia n6 nhu khong gian metric riéng
[5], khong gian G-metric [6],...
trd quan trong. Dac bigt, khong gian b-

doéng vai

metric dugc gidi thiéu bdi Bakhtin [1],

thudc vao khoang cach gitra cac diém va
anh cua ching. Ké tir khi duoc gidi thiéu
trong khong gian metric ¢6 dién, dinh Iy
Suzuki da thu hit nhidu sy quan tdm va tré
thanh d6i tugng nghién ctru mé rong sang
cac 16p khong gian metric suy rong khac
nhau. Xu hudng nay xuit phat tir nhu cau
mb hinh héa céc cau tric khoang cach linh
hoat hon, noi tinh déi xtng hodc bat déng
thirc tam giac cd dién c6 thé bi “ndi long”
nhung van bao toan dugc cac tinh chit diém
bét dong quan trong.

phat trién boi Czerwik [3] va S-metric [9]
do Sedghi va cong sy dé xuat da cung cp
mot khuén khé tong quat héa metric
thong qua ham khoang cach ba bién, cho
phép nghién ciru cic bai toan diém bt
ddng trong bdi canh phi tuyén tinh hon.
Trén khong gian S-metric, nhiéu dang cta
nguyén 1y anh xa co va cac dinh ly kiéu
Banach da dugc thiét lap, tao tién dé cho
viéc xem xét cac md rong cua dinh ly
Suzuki. T day, khong gian S;,-metric [8]
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da dugc giéi thiéu nhu mot sy két hop
gilta b-metric va S-metric, d@ mé ra mot
16p khong gian méi vira mang tinh suy
rong vé mat bat ding thic tam gidc, vira
git duoc tinh linh hoat cua ham khoang
cach ba bién.

Trong nhiig nim gan day, mot sd
két qua da chimg minh ring cac phién
ban thich hop cia dinh 1y Suzuki van
ding trong cac khong gian suy rong nhu
b-metric [7], S-metric [4],... dudi cac gia
thiét diéu chinh phu hop. Tiép nbi hudng
di do, trong bai bao nay chung toi dua ra
mot 16p khong gian metric suy rong moi
13 S(q4, gz, q3)-metric, 1a tong quat hoa
clia S-metric va S_b-metric, dé tir d6 thiét
lap mot két qua mai vé tinh chét diém bat
dong kiéu Suzuki trén 16p khong gian nay.

2. MOT SO KIEN THU'C CHUAN BI
Pinh nghia 2.1. [9] Cho X 1a mot tap hop
khéc rdng. Anh xa S: X3 — [0, +0) duoc
goi la S-metric néu véi moix,y,za€X
(q) Skyz)=0eox=y=2z,
S(x,y,z) <S(x,x,a) +
S,y,a) +S(z,z,a).

(qii)

Khi d6 cap (X, S) dugc goi la khong gian
S-metric.

Dinh nghia 2.2. [§] Cho X 1a mét tdp hop
khac rong va s6 thuc b >1. Anh xa
Sp: X3 > [0,+00) duge goi 1a S,-metric
néu véi moix,y,za€X

(1) Sy, y,2) =0 x=y=2z

(i1) Sy (x,y,2) < b[S,(x,x,a) +
Sb(:)/'yla) +Sb(Z!Zla)]'
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Khi d6 cap (X,Sp,) duoc goi la khoéng
gian Sp,-metric.

e tinh chat diém dong kiéu Suzuki
c6 thé dugc phat biéu manh hon trén
khong gian S-metric, chiing t6i dua vao
mot md rong cla S-metric va Sp-metric
nhu sau:

Dinh nghia 2.3. Cho X 1a mét tap hop khac
rong va cac sb thuc qy, 5, g3 = 1. Anh xa
S:X3 > [0,4) duogc
S(q1,qz q3)-metric  néu  voi  moi

goi la

x,y,z,a €X
Si) Syz2)=0ex=y=2z
(Si)) S(x,y.2) <q,S(x,x,a) +
5.y, a) + q35(2,2,a).
Khi d6 bd (X,S,q1,92,93) dugc goi la
khong gian S(q4, g2, q3)-metric.

Néu ta dat R(x,y) = S(x, x,y) thi tir (Si)
suy ra R(x,y) =0 x =y, hon nita
diéu kién (Sii) tré thanh
(Sii") S(x,y,2) < q:R(x,a) +
a:R(y,a) + q3R(z, ).
Vi du 2.4. Cho (X,d) la khong gian
metric. Khi dé, anh xa S: X3 - [0, +)
xac dinh boi S(x,y,z) =d(x,y)+
d(y,z) lamot S(1,2,1)-metric.
That vay, dé dang kiém tra dugc S
thoa man diéu kién (Si). Ta chi can chi ra
S thoa (Sii), voi moi x,y,z,a € X tacd

S(x,y,z) =d(x,y) +d(y,2)
<d(x,a) + 2d(y,a) + d(z,a)
=d(x,x)+d(x,a)
+2[d(y,y) +d(y, a)]
+d(z,2z)+d(za)



=S, x,a)+25(y,y,a)
+ S(z,z,a).

Vi du 2.5. Cho X = R va anh xa S: X3 -
[0, +00) dugc xac dinh boi S(x,y,z) =
|lx —z|?+ |y —2z|?>. Khi d6 S 1a mot
S5(1,1,2)-metric.

That vay, trude hét ta chira S 1a
mét S(1,1,2)-metric. D& dang kiém tra
duogc S thoa man diéu kién (Si), ta chi can
chi ra S théa man (Sii), véi moi x,y € X
ta c6 R(x,y) =S(x,x,y) =2[x—y|
Hon nita, voi moi x,y,z,a € X thi

lx—z]?=|x—a+a—z|?
<2|x —al®+ 2|z — al?
Va
ly—zI>=ly—a+a-z]
<2ly—al*+2|z-al?
Do do
S(x,y,z)
= lx =22+ 1y — 2P
<2lx—al*+2ly—al*+4|z—al?
=R(x,a) + R(y,a) + 2R(z,a).
Ménh dé 2.6. Cho (X,S,q1,9,,q3) 1a
khong gian S(q4, g2, q3)-metric. V&1 moi
x,y € X taluon co
R(x,y) < qzR(y, ).
That vay, tu (Sii’) ta co
R(x,y) =S(x,x,y)
< (g1 + q2)R(x,x) + qsR(y, x)
= Q3R(Y: .X).
Ménh dé 2.7. Cho (X,S,q1,9,,q3) la
khong gian S(q4, g5, q3)-metric. V&i moi
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x,y,Z € Xtacod
R(x,z) < (q1 + 92)R(x,¥) + 43R (¥, 2).

That vay, tir (Sii’) va ménh d& 2.6
ta co

R(x,2)
=5(x,x,2)
< (41 + 92)R(x, y) + q3R(2,y)
< (41 + @2)R(x,y) + 43R, 2).
Nhian xét 2.8. Cho (X,S,q1,92,q3) la
khong gian S(qy, q, q3)-metric. Néu ta
dat ¢ = max{q, + q,, g3} thi tir ménh dé
2.7,véimoix,y,z € X tacod
a) R(x,z) < q[R(x,y) + R(y,2)]
b) R(x,y) < qR(y,x)
B6 dé 2.9. Cho (X, S, q1, 3, q3) 1a khong
gian  S(qq,92, q3)-metric  va  cho
X0, X1y ey Xy Xne1 €EX V6L n € N. Dat
q = max{q, + q,, g%} thi ta c6
R(xo,xn4+1) < qR(x0, x1) +
q°R(x1,X3) + -+ q" R (Xp, Xp 1) (1)

That vay, ta cd (1) dung voin=0va
n =1, gia su (1) dang véi n = k, k € N;
khi d6 ta co

R(xq, Xk+1) < qR(x0, 1) + q*R(x1, x3)
+ o+ @ IR (g, Xper1)

Xét

R(x0, Xk +2)
< qR(xq, x1) + qR (X1, X14(k+1))
< qR(xg,x1) + q[qR(x1, x3)

+ q%R(xy, x3) + -

+ qk+1R(x1+k, x1+(k+1))]
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< qR(x0,x1) + q*R(x1, %)
+ ¢*R(xz,x3) + -

+ qk+2R(xk+1z Xp+2)-

Do d6 (1) dung véi n=k+ 1, theo
nguyén ly quy nap suy ra (1) ding voi
moin € N,

Cac khai niém co ban khac duoc
dinh nghia tuong ty nhu khong gian
metric c¢d dién.

Pinh nghia 2.10. Cho (X, S, q4,92,93) 1a
khong gian S(qq, q5, q3)-metric, {x,} la
mot day trong X va x € X. Khi d¢, ta co
cac dinh nghia sau

a) Day {x,} duoc goi la hoi tu vé x
theo S(q,q, qs)-metric S néu
day {R (x,, x)} hoi tu vé& 0. Khi d6
ta viét lim,,ex, =x hoic
X, = x khin — oo,

b) Day {x,,} duoc goi la day Cauchy
néu véi moi € > 0, ton tai ny € N
sao cho v&i moi n > ny va voi
moi p € N thi R(Xp,4p, x,) <e&.

¢) Khong gian S(qq,q,, q3)-metric
dugc goi la khong gian

S(q1,q2, q3)-metric day du néu

moi ddy Cauchy trong X déu hoi

tu, khi d6 anh xa S dugc goi la

S(q1, @2, q3)-metric day d.

Nhan xét 2.11. Cho (X,S,q1,92,93) la
khong gian S(qq, g2, q3)-metric, {x,} 1a
mot day trong X va x € X. Khi do ta co
cac nhan xét sau
a) Diay {R(x,x,)} hdi tu v o e
Diy {x,,} hoi tu vé x.
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b) Néu v6i moi & > 0, ton tai ny € N
sao cho voi moi n =ny va voi
moi p €N thi R(xp, xp4p) <&
Khi d6 {x,,} 1a mt day Cauchy.

Nhan xét 2.12. Cho (X,S,q1,92,q93) la
khéng gian S(q4, q2, q3)-metric va {x,} 1a
mot day trong X. Néu day {x,,} hoi tu vé
x € X thi gi¢i han d6 1a duy nhét.

Nhén xét 2.13. Cho (X,S,q1,92,93) la
khong gian S(q4, q2, g3)-metric va {x,} 1a
mot day trong X hoi tu vé x € X. Khi d6
moi ddy con {xy,} cua day {x,} déu hoi

tu ve x.

Nhin xét 2.14. Cho (X,S,q1,92,q93) la
khong gian S(q4, 4, q3)-metric va {x,,} 1a
mot diy trong X. Néu day {x,,} hoi tu thi
no6 la day Cauchy.

Nhin xét 2.15. Cho (X,S,q1,92,q93) la
khoéng gian S(q4, q2, g3)-metric va {x,} 1a
mot day trong X. Néu {x,} la day
Cauchy, khi d6 néu diy con {xkn} cua
day {x,} hoi tu vé x thi day {x,,} ciing hoi
tu vé x, véi x € X.

Chirng minh

That vay, gia su {x,} la mot day
Cauchy va {xkn} la day con cua day {x,}
sao cho {xkn} hoi tu vé x € X. Khi d6, voi

£ Y .
—— >0, ton tai
q1tq2+q3

ny €N sao cho véi moi n=>n; thi
R(xy,,x) < ——. Mit khac, {x,} la

q1+q2+43

day Cauchy nén ton tai n, € N sao cho
n=n, thi R(xn, xkn) <

moi € > 0, suy ra

vOoi  moi



&
a1+a2+43"
max{n, n,} thi

Khi d6, v6i moi n=>ny =
R(xn: x) < (ql +

q2)R(xn, xkn) + q3 R(xkn,x) <

(@1+q2+45)¢
q1+q2+43

véx €X.

= &. Nhu vay, day {x,} hdi tu

3. KET QUA NGHIEN CUU
Pinh ly 3.1 ®Dinh ly Suzuki cho

5(q1, 92, q3)-metric).
ChO (X’ S’ qll QZ; Q3) lé-
S(q1, G2, q3)-metric ddy du va 4nh xa

khong gian

T:X > X. DPat q=max{q; + q2 9%},
dinh nghia ham 6 nhu sau:
6(r)
1 V5-1
—,neu 0 <rg? <
q 2
] 1-r¢® V5-1_ o, 1
= ————,néu <rq*<—
(rg®)*q 2 =7
! b~ <rq?<1
——,néu —<r
(1+79%)q Nk

Gia sir rang ton tai r € [O,Q—l2 ) sao cho
O(r)R(x,Tx) < R(x,y)

rR(x,y)

q

= R(Tx,Ty) < Vx,y € X.

Khi d6 ton tai duy nhat diém bat dong z
cia T. Honnita lim ., T™(x) = z,Vx €
X.

Chirng minh.

V6i moi x,y € X ta luon c6 B <
a

rR(x,y).

Vi 0(r)<1 nén O()R(x,Tx)<

R(x, Tx), tir gia thiét suy ra
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R(Tx,T?x) <TR(x,Tx),Vx € X. (1)
Chon u € X va dinh nghia day {u,}

trong X bdi uy = u,u, = T"u véi moi
n € N. Khi do, tir (1) ta co
R(up, Uns1) < 7R(Up—q, Up)
< 2R (Up—z, Un—1)
< - <r"R(u,Tu).
Hay
R(uy, Upyq) < 1r"R(u,Tu),Vn € N. (1)

Véimoip € N, tir (17) va B dé 2.9 ta c6

R(un, un+p+1)
< qR(Up, Unt1) + qPR(Ung1, Ungz) + -
+ qp+1R(un+p'un+p+1)
< R(u, Tw)(qr™ + q*r™*t + -
+ qp+1rn+p)
= R(u, Tw)r" Y (gr) + (qgr)* + -
+ (qr)P*]

< R(u, Twr™? vn €N

1—gqgr’

Vi ligLer™?
e(1—qr)
R(u,Tu)+1

=0 nén v&i moi
e>0suyra > 0, ton tai ny € N

sao cho voi moi m=>n, thi r" 1<
&(1—qr) \an .
————; turdaytaco
R(u,Tu)+1’ y

R(un’un+p+1)

< R(u, Twr™ 1

1—gqr
< g Vn = ny.
Do d6 {u,} la day Cauchy. Vi X
ddy du nén {u,} hoi tu d&én z € X. Tiép
theo ta chi ra

R(Tx,z) <rR(z,x),Vx € X\ {z}. (2)
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That vay, véi moi x € X\ {z} suy ra
R(x,2)/3q° >0, do {u,} hoi tu dén z
nén ton tai v €N sao cho R(u,,z) <
R(x,2)/3q° v6imoin € N,n > v. Tir d6
suy ra

R(up, 2) < qR(uy, 2) < q*R(up, 2)
< R(x,2)/3q3.
Khi @6, voimoin = v ta cod

O(r)R(uy, Tu,)

< R(uy,, Tuy)

= R(un' un+1)

< qR(uTll Z) + qR(ZI un+1)

< qR(un, 2) + q*R(Un41,2)

2
< q3—q3R(x, z)
1 1

- ?[R(x,z) ~SRGx, z)]
< %[R(x,z) — ¢*R(uy, 2)]
< [R(X, Z) - qR(un! Z)]
< —qR(x,up)
< —q?R(x,u,)

= R(uy,, x).

S A A

Suy ra 0(r)R(uy, Tu,) < R(u, x), tu
R(up41,Tx) =
vn = v. Khi d6

gia thiét suy ra
R(Tu,, Tx) < rR(;‘;”"),
R(Tx,2) < qR(Tx,up11) + qR(Up11,2)
< qZR(un+11 T-x) + qR(un+1! Z)

2
7q*R (up, x)
< Tn + qR(Up+1,2)

< rR(u,, z) + rR(z,x) + qR (Up 41, 2).

Chon — oo suyra R(Tx,z) < rR(z, x).
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Ta da chung minh dugc (2). Bay gio ta
gid strrang T/z # z,Vj € N, tir (2) suy ra
R(Tj+1Z, Z)
<rR(z,T’)
<rqR(T’,z),vj € N.
Khi d6 ta co
R(Tj“Z, Z)
< qu(Tj,z)
(rq@)?R(T'1z,2)
< < (rq)’"*R(T?%z,2)
r/q/'R(z,Tz)

IA

INIA

Hay
R(T/*'z,z) <r/q/~'R(2,Tz),Vj € N.
3)
Ta xét 3 truong hop sau day:
1L 0<rg*<(V5-1)/2
2. (V5-1)/2<rq*<1/V2
3 12<rg* <1
Truong hop 1. 0 < rq* < (V5 —1)/2 ta
6 (rg)?*+rq> <1 va 2(rg?»?*<1.
Ta gié st rang
R(T?z,z) < R(T?z,T3z) (*)
Khi d6 ta co
R(z,Tz) < q[R(2,T?z) + R(T?2,T2)]
< q?[R(T?z,2) + R(Tz,T?z)]
< q*[R(T?z,T3z)
+ R(Tz T?2z)] (do (*))
< q?[r?R(z,Tz) + rR(z,T2)] (do (1))
< (r?q®> +rq®)R(z,Tz)
< [(rq*)? + rq*1R(z,T2)
< R(z,Tz) (mau thuén).



Nhu vay ta cé
R(T?z,2)
> R(T?z,T32)
> 0(r)R(T?z,T(T?2))
nén tir gia thiét suy ra
R(T3z,Tz)
= R(T(T?z),Tz)
<rR(T?%z,z) (1*)
Tu (1*) va (3) suy ra
R(z,Tz) < qR(z,T3z) + qR(T3z,Tz)
< q?R(T3z,z) + qR(T3z,Tz)
<1293R(2,Tz) + rqR(T?z, z)
<1%2¢®R(z,Tz) + r*qR(z,Tz)
<2(rq*?R(z,Tz) < R(z,Tz).
Pay la diéu mau thuin.
2.(V5-1)/2<r¢ <
1/V2tacé 2(rq?)? < 1.
Gia st R(T?z,z) < 0(r)R(T?z,T3z), ma
tr (1) ta c6 R(T?z,T3z) < r?R(z,Tz).

Truong  hop

Khi @6
R(z,Tz) < q[R(2,T?z) + R(T?z,Tz)]
< q%[R(T?z,z) + R(Tz, T?z)]
< q*[60(r)R(T?2z,T3z) + R(Tz, T?2)]
1—rq?
(rq*)*q
1-rq?
FE
< (1-79»)R(z,Tz) + rq*R(z,Tz)
= R(z,Tz) (vo li).

< q*[ r?R(2,Tz) + rR(z,TZ)]

R(z,Tz) + rq*R(z,Tz)
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Suy ra O(r)R(T?z,T(T?z)) < R(T?z,2),
diéu nay dan dén

R(T3z,Tz)

= R(T(T?2),Tz2)

< rR(T?z,z). (2*)

Tu (2*¥) va (3) suy ra

R(z,Tz)

< q[R(z,T3z) + R(T32,Tz)]

< qlqR(T3z,z) + R(T3z,Tz)]

< ql(rq9)?R(z,Tz) + rR(T?z,z)]
<12q3R(2,Tz) + r*qR(z,Tz)

< 2(r)?R(z,Tz) < R(z,Tz).

Pay la diéu mau thuan.

Truong hop 3. 1/V2 < r¢ < 1. Véi moi
x,y € Xtacod

O(rR(x,Tx) < R(x,y)
hodc O(r)R(Tx, T?x) < R(Tx,y) (3*)

That vay, néu ton tai x,y € X sao cho
R(x,y) < O()R(x,Tx) va R(Tx,y) <
O(r)R(Tx, T?x) thi khi d6

R(x,Tx)

< q[R(x,y) + R(y,Tx)]

< q0()[R(x,Tx) + qR(Tx, T?x)]

< q0(r)[R(x,Tx) + rqR(x, Tx)]
9 (1+4rgRC(,TY)

S e —
1+7rq?*)q
q

S -
(1+7g%)q
= R(x, Tx) (v0 li).

(1 +7rg®)R(x,Tx)

Do @6, tur (3*) suy ra véi moin € N ta co

9 (r)R(uan TuZn) S R(uZni Z)
hOZaC e(r)R(TuZn: T2u2n) <R (TuZn: Z)'

Theo gia thiét suy ra véi moin € N
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R(Tuyp, Tz) < 7 R(Uyp, Z)

hodc R(T?uyy, Tz) < rR(TUzy, 2)
Hay

R(uzn+1,T2) < 7R(uzn, 2)

hodc R(Uzn42,TZ) < 7 R(Uzn41,2).
Xét day {v,} xc dinh nhu sau

Un

_ {u2n+1’ néu R(uzn41,T2) < 17R(uzp, 2)
Uzniz, €U R(Uzpiq, TZ) > TR (Uzp, 2)

Khi d6, voi moin € N
R(v,, Tz) < rR(uyp, 2)
hoac R(v,, Tz) < rR(Uzpny1, 2).
Vi {u,} héi tu vé z nén véi moi € > 0 ton
tai Ny € N sao cho véi moi n > N,
R(uy, z) < E
Suy ra
R(ugn, z) < Evé R(uzn1,2) < §
Diéu nay dan dén
R(v,,Tz) < gVn = N,.

Suy ra, {v,} hoi tu vé Tz. Ma {v,}
la day con cua day {u,} do do tir Nhan
xét 2.12 va 2.15 suy ra Tz = z. Diéu nay
mau thudn voi diéu gia si 1a T/z #
z,Vj € N.

Nhu vay, ca 3 truong hop cua rq?
déu dan dén mau thuin. Do d6 ton tai
jo €N sao cho TJoz =2z Khi d tir
nguyén ly quy nap ta c6 T™oz =z va

T™o*l = Tz véimoin € N. Tir (1) ta c6
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R(T"z, T""1z) < rR(T" z,T"z)
< 1r?R(T™ 2?2, T" 12)
< - <1r"R(z,Tz)
Hay

R(T"z,T"*1z) <r"R(z,Tz),¥vn € N (4)
Tir (4) va B6 d8 2.9 ta c6

R(TnZ, Tn+p+1Z)

< qR(T"z, T"*1z)

+ qu(Tn+1Z, Tn+ZZ) + .-

+ qp+1R(T"+pZ, Tn+p+1Z)

< R(zTz)(qr™ + q*r™** + -
+ qp+1rn+p)

= R(z, T2)r" ' [(qr) + (qr)* + -
+ (qr)P*]

1
< R(z,Tz)r™? ,vn € N.
1—gqgr

Vilig,er™ 1 =0 nén véi moi € >0

e(1-qr) N .
ra ————— n tai EN
suy ra o= > 0, ton tai n, sao
re . N — &(1—qr
cho véi moi n > ny’ thi r™ 1 < ﬁ;
d(z,Tz)+1

tr day ta co

1
R(T"z, T""P*12) < R(z, Tz)r* 1 —
1—gqr

<& Vn = ng.

Do do, {T"z} 1a day Cauchy. Vi X
ddy di nén {T™z} hoi tu &én a € X. Ma
gidi han cua hai didy con {T"joz} va
{T™o*12} 1an luot 1a z va Tz nén tir Nhan
x¢t2.12va2.15suyraa=zvaa="Tz.
Tu ddysuyraz =Tz.

Hon nita, z 1a diém bat dong duy
nhat cia T. That vay, gia su ton tai t € X
saochoTt =tmat # z,tr (2) taco

R(t,z) = R(Tt, z)
<71R(zt)



< rqR(t, z)

< rq®R(t,2).
Suy ra rq?>1 hay r>1/g? (mau
thuan). Dinh ly 3.1 di dugc chimg minh.
Vidu 3.2. Cho (R, S, q1, 2, q3) 1a khong
gian S(q4, q2, q3)-metric voi S xac dinh
boi S(x,y,z) = |x —z|* + |y — z|? va
anh xa T: R — R xac dinh béi

T(x)
x

1
. _2 ~
ToooS! r(ex ),neux € Q\ {0}
= f:cos (t?) sin(t3) dt
1000

,néux € R\ Q

0,néux =0
Khi d6, S 1a mot S(1,1,2)-metric day du
va T ¢6 duy nhét diém bt dong.

That vay, tr Vidu2.5suyra, S la
moét S(1,1,2)-metric. Ta chung minh S 1a
day du. Gia su {x,} 1a mot diy Cauchy
bét ki trong X, khi do v6i moi € > 0 tdn
tai n; € N sao cho vdi moi n>n; va

p EN thi R(xn,xn+p) < & hay |xn -

Xnip| < \E bat &' = \E, do R cung vai

metric d(x,y) = |x —y| 1a diy di nén
ton tai xp €ER va n, €N sao cho
[, — x0] < & v6i moi n=n,. Tu d6
suy ra
2|x, — x0|? < &,¥Yn = ny = max{n,,n,}
Hay

R(x,, xg) < &,Vn = ny.

Do d6, {x,,} hoi tu v& x, nén S 1a day du.
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Anh xa T ma ta dinh nghia nhu trén
khéng théa man diéu sau: ton tai k €
[0,1) sao cho (Tx,Ty) < kR(x,y)

1
Vx,y € R. Diat f(x) = 1;Cmsi I(ex_z), ta
d& dang kiém tra dugce 1i 1m0 |f'(x)| =

+00. Do d9, ton tai x, y € Q sao cho

fG)—f)
x—y

>1.

Hay

lf ) = fOI > Ix =yl
Suy ra, 2|Tx — Ty|? > 2|x — y|? (do
X,y € Q) nén R(Tx,Ty) > kR(x,y) voi
moi k € [0,1).

Bay gio ta chung minh T c6 duy
nhit diém bit dong bang cach st dung
DPinh 1y 3.1. Truéc hét ta co6 q=
max{q, + q5,93} = 4. Chon r = 0,01 €

[oqiz) Khi do 6(r) =1 va Z=—1

g3 6400
Voimoix,y € R,

1
y R(x,Tx) < R(x,y)

R(x,y)
6400

= R(Tx, Ty) <

Diéu nay tuong duong véi

1
5l = Tx| < fx -yl

lx =yl

= |Tx —-Ty| <
|Tx — Ty| 80

X . A 1
Dé dang kiém tra dugc |Tx| < 555 1%l
v6i moi x € R. Gia sir x,y € R bat ki
thoa

~1x = Tx| < |x — y|, khi d6 ta ¢6
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= Tx| = ] = |Tx| =~ |
x—Tx| = |x x| = <550 1xl:
NP 999
< j—
Tur day suy ra 5000 |x|] < |x — y| hay
2000 .,
< &Y —
x| < 999 |x — y|. Lai c6
Iyl < lx—yl+|x|
< |+2000| |
<l —yl+5gq -y
<2999| |
<599 XVl

Do d6,
|Tx —Ty| < |Tx| + |Ty|

<

o5 (1% + 1y

_ 1 <2000+2999>| |
=710001999 " 999 ) * 7Y

S99 L
=999000* ~ V! =gg* TV
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