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TECHNIQUES OF APPLYING AND UTILIZING INEQUALITIES
KY THUAT SU DUNG BAT PANG THUC VA AP DUNG

Nguyén Ké Tam
Truong Pai hoc Quang Binh

ABSTRACT: The article presents methods and techniques for creative approaches in proving
inequalities, specifically focusing on the techniques of choosing critical points in proving the
Mean-Average Inequality, Bunhiacopxki Inequality, and the technique of proving inequalities
using the tangent method. These techniques offer readers a more accessible perspective on
inequalities and enables them to find creativity way in proving inequalities and constructing new
exercises.
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TOM TAT: Bai bdo trinh bay mét s6 phirong phap hinh thanh ki thudt trong chimg minh bat
ddng thire, cu thé cdc ki thudt chon diém roi trong chimg minh bat ddng thike Trung binh cong-trung
binh nhan, Bunhiacopxki, ky thudt chirng minh bat ddng thike bang phwong phap tiép tuyén. Nhitng
ki thudt nay gitip cho nguoi doc ¢é cdch nhin vé bat dang thike theo hwéng dé tiép cdn hon tir dé cé

cdch tim sdng tao trong chitng minh bat dang thire va xdy dung cdc bai tdp mdi.

Tir khéa: Bat ding thikc, sang tao, phwong phdp tiép tuyén.

1. GIOI THIEU

Bét dang thire ludn 1a mot chu dé
kho dbi voi ca hoc sinh va gido vién.
Diéu khé khin ndm & viée thuc hién céc
phép bién dbi va ap dung cac suy lun
mot cach linh hoat vao ting bai toan.
Mic di c6 thé hiéu khi doc, nhung viéc
tur minh giai quyét cac bai tap lién quan
lai 12 mot thach thic dbi véi nhiéu
ngudi. Co nhiéu sach viét vé bat dang
thirc, tuy nhién ndi dung qua han lam va
rat khé dé nguoi doc tiép can [2,3].

Nhan thic duoc diéu nay, ching
t61 viét bai bao nay nhim giup doc gia
tiép can voi cac phuong phap giai bai
toan bat dang thic mot cach dé dang
hon, tir d6 c6 thé tu tin ap dung vao cac
bai tap thuc hanh. Trong bai bao nay,
chung toi gi6i thiéu ba k¥ thuat phd bién

dugc st dung trong viée giai quyét bat
dang thirc: ky thuat dung bat ding thuc
trung binh cdng - trung binh nhan, ky
thuat dung bat dang thirc Bunhiacopxki
va k¥ thuat dung tiép tuyén. Thong qua
cac vi du cu thé, ching t6i phan tich va
minh hoa cach ap dung céac k¥ thuat nay
mét cach ty nhién, nhim giap doc gia
hiéu 16 va c6 thé ap dung chung vao céac
bai toan khac. Nhitng ndi dung duoc
trinh bay trong bai bao s€ dap ung duoc
tinh sdng tao trong viéc trién khai
chuong trinh gido duc phd théng 2018
[1].
2. NOI DUNG
2.1. K¥ thuit sit dung bit ding thirc
trung binh cdng - trung binh nhan
Trong khudn khd bai bao nay,
chung t6i str dung bat ding thic Trung
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binh cong - trung binh nhan (trong
chuong trinh phd thong van thuong goi
v6i tén bat dang thire Cauchy) cho dang
256, 3 sb quen thudc.

Véi a,b>0 khi ~ do6
a+b> 2@, ddu bang xay ra khi va
chichi a =b.

véi  ab,c=0  khi @ d6

a+b+c>3abc, dau bang xay ra
khivachichi a=b=c.
Vidu 1. Cho X > 2, tim gia tri nho nhit

cia S=x+—.
X

L x 2 x
Giai. Bién d6i S =—+—+—.
2 x
Ap dung bat dang thirc Trung binh cong -

trung binh nhan cho 2 sé khéng am

x 2
—,— tacd

X
x 2 x 2 L s
—+—2>2,[—.— =2, dau bang xay ra
2 X 2 x

x 2
khi ==~ x =4 x=2.

2 x

x 2 x 2

Khids6 S=—+—+—2=22+—=3

Vay, gi4 tri nho nhét cia S bing 3
khi x = 2.
D6i v6i Vi du 1 nay, nhiéu nguoi

gidi 58 bién d6i
2 2
S=x+=22[x.2=22.
X X
Dau bang xay ra khi
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2 .
x:—<:>x2:2<:>x:\/§. Sai lam
X

& day 1a /2 <2, ma theo didu kién 1a
X > 2, nén du bang trong bét ding thirc
khong thé xdy ra. Nhu vay 1a ta s& bién
d6i bat dang thirc sao cho du bang xay

ratai x = 2. Do d6 ta tim s6 thuc duong

2
k sao cho kx=—, thay x =2 ta tim
X

duoc k = E T d6 c6 duge 1o giai nhu
trinh bay ¢ trén.
Vi du 2. Cho x,y>0, thoa man

X+y>6. Tim gia tri nho nhat cia

3x 11 2 6
§s=24 V202
2 Xy
Phén tich. Ta tim cac hé sé duong m,n
sao cho
6 3 11
mx=—;ny=—;x+y=06——m=—-n,
X y 2 8
thuc hién phép bién dbi ta co6 duogc
phuong trinh
2 6
— —— =, st dung may tinh
x° (6—x) 8

bo tui Casio giai dugc nghiém x = 2.

P ~ -
[=7.%=][a] ggﬂ fx-ssovNx I
ASSWIZ

= =
2+x?—B6+(6-—x)°—1+8

x= 2
L—R= 0

1

Ta ¢ y=4,m= ,nzg. Véi két

qua phan tich, ta cé 101 giai cho bai toan

nhu sau.
Giai. Bién doi



6
+—+—+ X+ ).
Y

S = +2 3y
X

X2 _,
2x
6., 326
8 'y 8 y
§>22+3+6=11.
Gia tri nho nhat cia S bang 11, diu

X

2
£+222
2 X
3y

=3 khi d6

bang xay rakhi x =2,y =4.
Vi du 3. Cho x,y>0, théa man

x+y<l. Tim gia tri nho nhét cia
| 1
S=(1-—=)1-—).
X y
Giai. Diéu kién va gia tri cua biéu thirc
S 1a nhitng biéu thirc dbi xtimg d6i véi

x,). Do do ta du doan dau béng xay ra

khi x=y va x+y=1, khi d6
.
y >
Bién ddi biéu thirc
1 1 1 1 1
S=(1-—)(1-—)=l-(—=+—)+
( X2 )( yz) (X2 yz) x2y
2 2
X+ 1
:1_( 2 i} )+ 2 2
Xy Xy

Tur diéu kién x+ y <1 tacod
(x+y) <l x> +y°<1-2xp

&S —(x*+y*)=2xy -1,

2xy—1 1 2

+ +——=1+—. Mat
Xy Xy Xy

khéc tir gia thiét 1> x + y > 2./xy ta
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1
col124xy < —=4. Tudo

Xy
S>1+2.4=9. Vay, gia tri nho nhét

: y : 1
cua S bang 9 khi x=y=E.

2.2. K§ thuit sir dung bat ding thirc
Bunhiacopxki

Bit dfmg thirc Bunhiacopxki 4p dung
cho hai b¢ hai s6 hang (a,,b,),(a,,b,)

| a,a, +bb, [<\Ja? + b \Ja’ +b?
déu bing xiy ra khi 4o = 21
a2 bZ
Bét dang thirc Bunhiacopxki ap dung
cho hai bg ba s hang
(a,,b,,¢)),(ay,b,,¢,),

|aja, +bb, +cc, |

£J4+ﬁ+djé+@+é
N a b c
dau bang xay ra khi —=—-L=—-L,
a, b, ¢
Vidu 4. Cho x,y,z laba s6 dwong thoa
man diéu kién x+ y+z<1. Ching

minh ring
» 1 . ) 1
X +—2+ y +—2+ Z +—22\/8—2
X y z

Gidi. Vai tro cua x,),z la nhu nhau

nén ta dy doan diu bang xay ra khi
1

X=y=z=—.

3
Ta tim hai s6 duong m,n dé ap dung bt

dang thirc Bunhiacopxki
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n 1
mx+—£\/m2+n2. xz+—2

X X
dau bang xay ra khi
m n
—=——=9m=n do d6 ta chon
x 1/x

m=1, n=9. Khi do
9 2 2 2 1 2 1
X+—=<A9 +1°., |x +—2:\/82. Xt
X X X

Tuong tu ta cling c6

9 1
y+—S\/8—2. y2+? va

Y
BPLPN o A
Z Z

Cong theo vé ta co

\/@.(\/x2+%+\/y2+%+\/zz+%)

Z(x+y+z)+9(l+l+l).
X

y Zz

Li o 8let222 [8lx =54,
X X
9

fuong tw 81y +—> 54,
y

812+2254, nén
z

81(x+y+z)+9(l+l+l)23.54:162
X y z

theo gia thiét x + y+z <1 tacé
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80.1+(x+y+z)+9(l+l+l)
X

y Z

281(x+y+z)+9(l+l+l)2162.
X y z

Nén (x+y+z)+9(l+l+l)282
X y z
to do

\/8_2.(\/x2+%+\/y2+%+\/22+%)

> 82.

Vay

\/x2+i2+\/y2+%+\/22+%2\/§.
y

X z
Vidu 5. Cho x,y,z 1a basb duong thoa
O 1 .
man diéu kién —+ —+—<1. Tim gia

X y z

tri 16n nhat cia

1 1 1
S= + + .
dx+y+z x+4y+z x+y+4z

Gidi. Vai tro cia x, ),z la nhu nhau nén
ta du doan diu bang xiy ra khi

xX=y=z=3.

\/E.\Mx + \/I\/;+ \/I\/;
X y z
4 1 1
< |—+—+—Jdx+y+z
X y z

do do



4x+y+z 36
1 1 1 4 1

! <L(l+l+i)

x+y+4z 36 x y z
Cong theo vé cac bat dang thic trén ta
1.1 1 1 1
O S<—(—+—+—)<—.
y z 6
Vidu 6. Cho x,y,z laba s6 duong thoa
mén diéu kién x+ y+z>6. Tim gia

tri nhé nhat ciua

S:\/x2+ 1 +\/y2+ 1 +\/zz+L
y+z Z+x X+y

Gidi. Dy doan ddu bang xay ra khi
xX=y=z=2.

<SNA+1P. X+

y+z y+z

do do

1 1
V17, [x* + >4x +
X i X+ ——

y+Z

tuong tu

NN
Z+Xx

\/_7 /z + >4z+
X+Yy

>4y +

J—

X-I-y
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Cong theo vé cac bat dang thuc trén ta

'ﬁ7524@+y+ﬂ
Cé+ 1 N 1 N 1
Jx+y Jy+z z+x

Tiép tuc sir dung déu bang xay ra khi
x=y=z=2 trong 4p dung bat dang
thic Trung binh cdng-trung binh nhan,

ta tim s6 duong k sao cho

k(.x+y):—,xl+—y

Tiép tuc danh gia
+ 1 1
X y+
Jx+y \/x+y

S k=—

x+y 1 1 3
>33 =—.
J 8 Jx+y¢x+y 2

’mmgm

y+Z 1 é
Jy+z Jy+z 2’
zZ+x 1 1 3
- - > =,
8 Jz+x Nz+x 2
Cong theo vé ta c6
x+y+z Y 1 N
\/x+y \/y+Z
1
) »2.
NzZ+Xx 2
Do dé
X+y+z 1 1
+ + +
8 \/x+y \/y+z
L 2
z+x 4
Bién d6i
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1 1

1
dx+y+z)+ + +
Jx+y Jy+z Nz+x

_31(x+y+z)+x+y+z

8 8
PSS S
\/x+y \/y+z Jz+x
L3169 51
8 4 2

317
o
2.3. K§ thuit sir dung tiép tuyén

Nén \/ﬁ.Sz%lasz

Tiép tuyén cia dd thi ham s
y=f(x)(C) tai diém
M(x,,y,)<(C) la

Ay =f'(x)x—x,)+ Y, Néu

y= f(x) 1a ham s6 15i thi ton tai mot
khoang (a;b) sao cho

J(x)2 [0 (x = x) + yy, Vx € (a;0)
vanéu y= f(x) 1a ham s6 16m thi ton
tai mot khoang (a;b) sao cho

S (x) < f'(x)(x = x0) + vy, Vx € (a3 D).
Vi du 7. Cho a,b,c>0 théa min
a+ b+ c=3. Ching minh

3(a’+b +c’)=5(a’ +b° +c)—6.
Giai. Dy doan ddu biang cua bit ding
thirc xay ra khi a=b=c=1. Ta viét
phuong trinh tiép tuyén cua do thi ham
s6 f(x)=3x"—5x" tai diém c6 hoanh
f')y=-1,

tuyén la

d x,=1. Ta c¢o

Fy=-2,
y=—(x—-1)-2=-x-1. Ta s&

tiép
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chimg minh

3x° =5x > —x—1,Vx >0, that vay
3 -5’2 —x-le X’ -5 +x+120
< (x=1)°Cx+1)=0

bat dang thirc nay dung véi moi x > 0.
Nhu vay, ta c6, véi a,b,c=0 thi
3@ >5a>—a—-1, 3’ >5b*-b—1,
3¢’ >5¢* —c—1, cong theo vé ba bit
dang thirc ta c6

3@ +b+ )
>5(a’+b*+c*)—(a+b+c)-3
=5(a’ +b” +c*)—6.

Vay,

3(a’+b +c’)>5(a” +b* +c*)—6.
Vi du 8. Cho a,b,c>—4 théa min
a+ b+ c<3. Ching minh

a b c
5 +— +— <1.
a +2 b°+2 ¢ +2

Giai. Dy doan ddu bang cua bit ding
thirc xay ra khi a=b=c=1. Ta viét
phuong trinh tiép tuyén ctia d6 thi ham

6 f(x)=—>

tai diém c6 hoanh do

x> +2

1
'(1 Sy
f'@ 5

trinh tiép tuyén la
1

1(x 1)+ 1x+2 Tiép th
=—(x— —=—Xx+—. Tiép theo,
779 3 97 g P

ta s& chimg minh ring v6i x >—4 thi

x,=1. Phuong

1
f=7.

X 2 .
5 < —x +—. That vay, ta bién doi
x+2 9 9



X . |

2 =37 2
x+2 9 9 9(x"+2)
Bét dang thirc nay dung véi x > —4.
Nhu vay, v6i a,b,c >—4 thi

a 1 2 b
> S—a+—;—
a+2 9 9 b +2
c 1
> <—c+—.
c+2 9 9
Cong ba bat ding thirc nay ta c6
a b c

+
a+2 b +2

Slb+g'
9

99

<
c*+2
5.1
9

Vi du 9. Cho a, b, ¢ 1a ba canh cua

mot tam gidc. Chirng minh

l(az+b+c)+ésl.3+
9 9 9

rrr. 3

a b ¢ a+b+c

2§ ! + ! + ! ). (D)
3 a+b b+c c+a

Giai. Do bit dang thirc can chimng minh
1a thuan nhit vé6i cac an a,b,c nén ta co
thé gia thiét thém a+b+c=1. Dy
doan du bang cua bat dang thic xay ra
. 1
khia=b=c=—.
3
Khi d6 bit ding thuc (1) tré thanh

1 1 1 1 1 1
—+—+—+ + + (2
1-b 1 c)()

a b ¢

8
3>2—(

31-a —
Vi a, b, ¢ 1a ba canh cua tam gic nén

1
1:a+b+c>2a:>a<5, tuong tu

ta cling c6 b,c < 5

2@ —(x +4)(x 1)’ <0.
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Ta viét phuong trinh tiép tuyén ctia ham

_ 8
f(x)—3(1_x)

1 .
—— tai diém Xx, =—.

f'(%) =15, f(%) =1. Phuong trinh
tiép tuyén la
y=15(x—§)+1:15x—4. Thuc
hién bién ddi biéu thirc

8 1
-y« Y

~(5x-3)(3x— 1)’
- 3x(1-x)

1
Nhu vay, voi 0 < x < 5 thi

(5x=3)(3x 1)’

<0. Do do, voi

3x(1-x)
O<x<lthi 8 —lSISx—4.
2 31-x) x
Ap dung véi céac 4n a,b,c ta co
8 —13150—4;
31-a) a
8 —lSISb—4;
3(1-b) b
8 1 . LA
——<15¢c—4. Cong cac bat
31-¢c) c
dang thirc trén ta c6
8 1 1 1 I 1 1
— + - —(—+—+—
3(1—a 1-b l—b) (a b c)
<15(a+b+c)—12.
Hay
§( 1 + 1 + 1 )—(l+l+l)s3,
31-a 1-b 1-b° a b c

bét déng thtrc (2) dugc chirng minh.
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3.KETLUAN

Bai b4o ndy mong mudn gép phan lam
cho viéc hoc va hiéu bat dfmg thirc tré nén
dé dang hon ddi voi moi nguoi, tr hoc sinh
dén gido vién. Tir do, thuc day sy phat trién
ctia kién thirc toan hoc trong cong dong hoc
thuat va gido duc. Chiing toi hy vong rang,
bat dang thic s& khong con 1a ndi am anh
ma tré thanh mot phan ciia hanh trinh kham
pha va hiéu biét toan hoc cuia moi nguoi.
Vi viée gidi thiéu ba ki thuat giai bat dang
thirc: bt dang thirc trung binh cong - trung
binh nhan, bt dang thirc Bunhiacopxki va
k¥ thuat ding tiép tuyén da mang lai cho
doc gia su hiéu biét sau hon vé chu dé nay.
Chung toi cling hy vong rang, thong qua céc

Lién hé:
ThS. Nguyén Ké Tam

vi du va phan tich, doc gia da thu duoc
nhiing k¥ nang va kién thirc can thiét dé ap
dung vao cac bai toan thyc té va ting cuong
kha ning giai quyét van dé ctia minh trong
linh vuc nay.
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