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h-FOURIER COSINE CONVOLUTION ON TIME SCALE
TICH CHAP A-FOURIER COSINE TREN THANG THOI GIAN

Nguyén Thi Hong Phuong
Truong Pai hoc Su pham Ha Noi

ABSTRACT: In this article, we introduce the h-Fourier cosine convolution on time
scale hN, estimate the norm in (1(hN), prove the factorization equality and application in
solving integral equations of Toeplitz plus Hankel type in closed-form as well as study the

boundedness of this class of equations.
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TOM TAT: Trong bai bdo nay, chiing téi trinh bay vé tich chdp h-Fourier cosine trén
thang thoi gian hN, woe lwong chudn trong khéng gian (,(hN), chitng minh déang thirc nhdn
tir héa vaiing dung vao gidi déng phirong trinh tich phan kiéu Toeplitz-Hankel va nghién
cuieu tinh bi chdn nghiém cho cac lop phuwong trinh nay.

Tir khéa: Bién doi tich phdn, bién doi Fourier cosine, phiong trinh tich phan,

Toeplitz-Hankel.

1. PAT VAN PE

Phép bién ddi tich phan c6 nhiéu ting
dung trong Toan hoc cling nhu cac linh vuc
khoa hoc, k¥ thuat. Cac phép bién déi tich
phan xudt hién tir rdt sém khi Fourier
nghién clru vé qué trinh truyén nhiét. Tir d6
dén nay, 1y thuyét vé cac phep bién d6i tich
phan khong ngimg phat trién. Dén dau thé
ky 20, mot hudéng phat trién moéi cua ly
thuyét cac phép bién ddi tich phan dé 1a tich
chép cta cac phép bién d6i tich phan. Tich
chép da tré thanh cong cu hitu hiéu va hép
dan dé nghién ctru cac bai toan lién quan
dén phuong trinh vi-tich phén, phuong
trinh vi phan dao ham riéng. Phép bién ddi
Fourier [10] ctia ham s6 ftrén O dugc cho
b1 cong thue

F{f}(w) = \/% / f(x)e ™ dr,w e R

va phép bién ddi nguoc cua né la
fl@) = o= [ Fif}e)e=as.
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Tich chap ctia hai ham £, g d6i v6i phép
bién d6i Fourier [10] duoc dinh nghia la

1
7 39@ = 2= [ fa =y e®
Phép toan tich chap nay thoa man dang
thtrc nhan tirhoa
F(f 2 9)(w) = F{f})F{g}(w),w € R

Trong trudng hop ham £1a ham chan,
ta nhan dugc phép bién doi Fourier cosine
nhu sau

FAf}Hw) /f ) cos(wz)dr,w € Ry

va cong thire bién ddi nguoc 14

flx) = \/ngc{f}(W) cos(w)dw

Tich chap Fourier cosine ([8], [1‘0])
ctua hai ham f va g duogc dinh nghia bang

biéu thirc
v / Ut

(f x g g(lx —yl)
+g(z + y))dy,

x> 0.



Tich chdp Fourier cosine thoa man
dang thirc nhan tirhoa

F.(f ¥ 9)(w) = F{f}(w)F{g}(w),

w > 0.

Khoang nhitng nam 90 cta thé ki XX,
Yabukovich S.B da dé cap dén mot sb tich
chap suy rong ddi v6i phép bién doi tich
phan Mellin, Kontorovich-Lebedev va cac
phép bién do6i theo chi sd. Nam 1998,
Kakichev V. A va Nguyén Xuan Thao da
dua ra phuong phap kién thiét dé xac dinh
tich chap suy rong voi ham trong ddi véi 3
phép bién d6i tich phan. Pé dugc coi nhu
budc ngodt mo ra hudng nghién ciru trién
vong vé cac phép bién ddi tich phéan trén
khong gian cac ham kha tich vé sau. Phép
bién d6i tich phan cua tich chép suy rong
dugc nghién clru bdi cac tac gia Vi Kim
Tuén, Nguyén Xuan Thao, Trinh Tuan,...
Céc két qua co thé ké dén nhu tich chap suy
rong d6i voi phép bién doi I [2], tich chap
suy rong ddi véi cac phép bién doi tich phan
Fourier cosine, Fourier sine ([1], [4], [6],
[9], [12]), phép bién d6i Hartley ([11]),
phép bién db6i Kontorovich-Lebedev
([12]). Nho c6 cong cu tich chap, mot s6 1op
phuong trinh Toeplitz-Hankel c6 thé giai
duogc va chonghi¢ém dudi dang dong.

Ly thuyét vé cac phép bién ddi tich
phan va tich chap trén khong gian cac ham
lién tuc c6 nhidu két qua dic sic, phong phi.

Thang thoi gian xuat hién 1an ddu nim
1988, trong luan an tién si cta S. Hilger,
nhim huéng dén su théng nhit giira tinh
lién tuc va roi rac. Theo S. Hilger, thang
thoi gian 1a mdt tap hop con dong, khac
rong ciia tap hop s6 thuc R. Vidu R, N, N,
hZ, ... voi h 1a sb thue duong cho trudc bit
ky. V&1 AN =A{0, h, 2h,...} vahZ={0, + h, +
2h,...}.
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Bién dbi Fourier trén thang thoi gian
T cua ham f: T— C lién tuc va cé gid compact
da duoc Hilger [7] dinh nghia nhu sau
m™T

P w /f cwlt)dtw e [217]

teT

Va bién doi nguoc cia phép bien doi
nay cé dang

£ = & [ P @)eo(Odo

Khi T = hZ, bién d6i Fourier trén thang thoi
gian hZ dugc viétlai dudi dang sau

/f 7ztht h Zf Tlh —iwnh

tehZ, n=-

F{f}w

va phép bién ddi nguoc 1a

™

f(t) = /F{f}(w)ei“tdw,t € hZ.

=3

Céc cong trinh tiép theo dugc nghién
ctru vé thang thoi gian tap trung vao nghién
ctru cac hé dong luc hoc lién tuc va roi rac.
Tuy nhién tai liéu vé& phép bién d6i tich
phan trén thang thoi gian thi khong cé
nhiéu. Trong [5], cac tac gia da xdy dung
biéu thirc cua tich chap Fourier trén thang
thoi gian roirac. T day, voi thang thot gian
hZ , tich chap Fourier cia hai ham
f,g: hZ — C cébiéu thirc dang

o0
(fxg)(t)=h Y f(mh)g(t—mh),t € hL.

Trén co s& do, ching t61 xay dung
phép bién ddi h-Fourier cosine trén thang
thoi giancé bicu thic 1a
F{fY) = 1(£0) +2 Y flun) costnt) ).

n=1

™

w € [0, E] (11)
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véi diéu kién chudi trong cong thic (1.1)
hoi tu. Bien doi nguoc cua bién doi nay la

s

ft) = %/Fc{f}(w) cos(wt)dw,t € hN.

0

Trong bai bdo nay, ching to1 xay dung
tich chap ~—Fourier cosine trén thang thoi
gian, chimg minh duoc dang thirc nhan tir
hoa, c6 udc lugng cua tich chip trong
khong gian ¢;(hN), dong thoi tmg dung két
qua dat dugc vao gidi phuong trinh
Toeplitz-Hankel v&i truong hop nhan déc
biét va nhan téng quat, giai dong phuong
trinh do - nghiém dudi dang tich chap va
danh gid tinh bi chdn cua nghiém trong
khong gian ¢, (hN).

Khong gian ham sur dung trong bai bao
((hN) = {f: hN — C,[f(0)|+
2 " |f(nh)| < oo} véi chudn

n=1

RO 23 |fh)])

n=1

2. TICH CHAP #-FOURIER COSINE
TREN THANG THOI GIAN

2.1. Pinh nghia 2.1. Tich chap A-Fourier
cosine cua hai ham dugc cho boi cong thurc

nhu sau
=h Z f(mh)(

+ g(t +mh)) + hf( Yg(t), t€hN, h>0. (2.1)
v6i diéu kién chudi ¢ vé phai ctia biéu thire
(2.1)hoi tu.

2.2.Pinhli2.1. Néuf, g € 1 (hN), thi tich
chap h-Fourier cosine f*g € /1 (hN) va bat
dang thirc sau ddy thoa méan

e nyy =

(f =gt g(|t — mh)

f* gl oy < A flleam 9]l (2.2)

Hon nita, tich chap nay con thoa man dang
thurc nhan tirhoéa
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FA(f * 9)}Hw) = F{ fHw) Fe{g}(w)

wel0,7], h>0. (2.3)

O d6 Fe{.} duoc dinh nghia nhu cong
thic (1.1), tich chap (.*.) dugc cho boi
cong thuc (2.1).

Chirng minh. Ta c6
I f *go||el(hN) = h|(f * g)(0)]
+20 32 |(f = )(nh)| < 1717 (0)g(0)]
4202 3 |f(mh)g(m)
F2R2F(O)] 3 la(mnh)

+2073 7 | f(mh)g(nh + mh)|

n lm 1

+2h? ZZ}f (mh)g(|Inh — mhl)|.
n=1m=1

Trong sb hang ZZU (mh)g(nh + mh)|,

n=1m=1

dat r =n-+m, tacd

D | f(mh)g(nh + mh)|

n=1m=1

:Z Z |f(mh)g(rh)|.

m=1r=m-+1

Tuong tw, Y Y |f(mh)g(Inh —mh])|

n=1m=1

m—1

- (z + z) F ()|

Vi thé ta nhan duogc
1 gllesmy < R?|F(0)g(0) |+
+202 ) " | f(mh)g(mh)|+

m=1

+20% £(0)] Y lg(mh)|+

m=1

+2h22 Z |f(mh)g(rh)|+

m=1r=m-+1

+2h22 (Z+m 1)

m=1 r=1 r=0

h)g(rh)l



<h2( |+2Z|fmh )
( +2§:wrmL)

m=1

= HfHZl(hN)HgHZl(hN) < o0.
Vay(f = g) € ¢1(hN) va (2.2) thoa man.
Tiép theo, theo Pinh nghia 2.1, ta co

F{(f % 9)}w)

= 2hz [ * g)(nh) cos(wnh)+

+h(f*9)( )

= 2h2{ Z Z f(mh)(g(mh+nh)+g(|mh—
nh|)) cos(wnh)+ + Z f(mh)g(mh)+
+1(0) 3 glmt) costmt) | +12(0)(0),

w e [0, g}, h > 0. Mit khéc, ta thdy
(g(mh + nh)

Im ﬁ - nh|)) cos(wnh)

- i i f(mh)g(mh + nh) cos(wnh)

3
I
~
3
I
~

+ Z Z f(mh)g(|mh — nhl) cos(wnh)

Z g(th) cos( m)hw)

t=m+1
00

Z g(|t|h)cos((t + m)hw)

= Z f(mh) Z g(th) cos((t — m)hw)
+Y f(mh) S g([t|h)cos((t +m)hw)
+¢(0) Z f(mh)cos(mhw)

oo

+Z f(mh) Zg |t|h)cos((t + m)hw)
= Q,Q(F{f}( W) — hf(0)(Fl{ghw) —
Zf (nh)g(nh)
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2h 9(0) (Fe{ fHw) = 1 f(0)).
Thay ZZf(mh) (g(

n=1 m=1

mh + nh) +

g(Imh — nhl)) cos(wnh) vao biéu thirc ca
F.{f * g}(w) ta nhan dugc dang thirc nhan
tir héa (2.3).

3.GIAIPHUONG TRINH TiCH PHAN
KIEU TOEPLITZ-HANKEL

Trong phan nay, chiing t6i sir dung két
qua dat dugc & muc trén dé nghién ctru tinh
giai dugc cia phuong trinh Toeplitz-
Hankel trong hai truong hop dic biét,
truong hop nhan ki=k2 vatruong hop nhan
ki, k2 tong quat trén thang thoi gian AN.
Chung t6i da dua ra cong thuc nghiém dang
tuong minh, chi ra khong gian nghiém va
tinh bi chan nghi€ém cia phuong trinh nay
trén khong gian nghiém.

Trude hét, chung t6i nhic lai dinh 1y
WienerLevy [3] “Gia st f 13 bién ddi
Fourier cia mot ham thudc L1 (R), ¢ laham
giai tich trong mot 14n cén cua gdc, chua
mién {/(y),Vy € R} vathoaman ¢ (0)=0,
khi d6 @ (/) cling 14 anh qua phép bién ddi
Fourier cua mot ham thudc L1 (R)”.

Két qua nay van con ding dbi véi bién
d6i h—Fourier cosine trén thang thoi gian
hN v6i k14 sé thue duong cho trude tiy y.

3.1. Phuwong trinh tich phin Kkiéu
Toeplitz-Hankel véi nhan k1= k2

Xét phuong trinh
f(nh)+h> " f(mh)(k

m=1

(mh +nh)+ k(jmh —
nhl))+hf(0)k(nh) = g(nh)n € N (3.1)

vOi k, g €l1 (hN) v6i cac ham cho trude, f
la an ham, 4 1a s6 thuc duong cho trudc

Pinh 1y 3.1. Gia st rang k, g 1a cac ham
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cho trudc thudc khong gian ¢, (hN) va thoa
mén didu kién 1 + F.{k}(w) # 0 véi moi
w € [0,%]. Khi d6 phuong trinh (3.1) co
nghiém duy nhét thudc ¢ (hN) va dugc cho
badi

f(t)=g(t) — (g*u)(t),t € hN,h > 0.
Hon nita, ta nhan dugc udc lugng sau day

L Heweamy < [lgllennm (1 + [l ey a))-

Trong do, tich chap (.*.) dugc xac dinh
boi cong thuc (2.1), # la ham thude
¢, (hN) va duogc xac dinh bdi

Fefk}(w) m
F, ———— w € |0,

Hule) = T oy € |
Téc dong bién d6i A- Fourier cosine trén AN
vao ca hai vé ctia phuong trinh (3.1) va sit
dung dang thirc nhan tirhéa (2.3), ta duoc

FASY W) + FAfHw) F{k}w) = Fe{g}(w)

véi ¥w € [0, Z]. Tir do
R = (1- [T ) € 0.7

Do 1+ F.{k}(w) # 0 v6i moi w € [0, 7]
nén theo DPinh li kiu Wiener-Lewy trén
thang thoi gian ddi véi phép bién do6i
h—Fourier cosine, ton tai duy nhat ham
u € ¢1(hN) sao cho
FAk T
FAu}(w) = ng—{}kf}()) w € [O’E]'
Tiép theo, 4p dung dang thirc nhan tir
héa (2.3), ta viét lai F,{ f}(w) & trén nhu sau

FAfHw) = (1— i;k—m) Fe{g}(w)
= (1 - F{u}(w))Fe{g}(w)
= F{g}(w) — F{g * u}(w),
w € [0, E]
Do d6 f(t) = g(t) — (g * u)(t),t € hN.
TUr d6, ta ¢6 || flley ) = 19 — g % ulley oy
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< e,y (1 +llull ey vy, Y, g € £1(RN),
h > 0.

3.2. Phwong trinh tich phan Kkiéu
Toeplitz-Hankel véi nhan tuy y

Xét phuong toroinh
f(nh)+ 1Y f(mh) (ki (mh + nh)

m=1

+ko(|mh — nhl))

. 0) =
voi f(0) = —f(2 ), (nh)
cac ham k, g € ¢,(hN) cho trudc, f 1a 4n
ham, A 1a sé thuc duong cho trude.

=g(nh),n e N. (3.2)

=f(nh),Yn > 1,

Pinh 1y 3.2. Gia st ring k, g 1a cac
ham cho trude thugc khong gian ¢;(hN)
va théa man dicu kién 1 + F, {8k} (w)
# 0 véi moi w € [0

, 7]. Khi d6 phuong

trinh (3.2) c6 nghiém duy nhéat thudc
¢1(hN) va dugc cho boi
F(t) = g(t) — (g u)(t),t € AN,k > 0.
Hon nira, ta nhan dugc udc lugng sau day
f lexurey < Mlglleaurey (14 llwlles vy )-
Trong do, tich chap .(x. fduogc xac dinh
boi cong thirc (2.1), u 1a ham thudce ¢, (hN)
va duoc xac dinh boi
F{"32}(w) ™
F{u}(w) =

Ty A (i) € O

Chirng minh. Truéc hét ta nhan thiy

ee]

13 oun) kot ) + ot o)

= (f *xg)(nh),Yn € N.
Phuong trinh (3.2) c6 thé viét lai duéi dang
f(nh)+ M+ N—P = g(nh),n € N, (3.3)
Vol ©
M =h) " f(mh)(ky(mh+nh)+k (jmh—nhl)),

m=0



N =hY" f(mh)(ke(mh-+nh)+ky(|mh—nh|)),

m=0
P =0 f(mh)(ki(Imh—nh|)+ky(mh+nh)).
m=0
Mo rong phuong trinh (3.2) trén hZ,ta dugc
F(=nhl)+h " f(mh) (ki(Imh—nhl)—ky(mh-+

m=0

nh)) = g(—nh).
Tu (3.2) va (3.3), taco
f(nh) + f(=nh) + A+ B = g(nh) + g(-nh) (3.4)
Do f(nh)+ f(—nh)va f(nh)+ f(—nh)la
cdc ham chin trén hZ, ap dung bién doi
Fourier trén hZ véi hai vé ctia phuong trinh
(3.4) va 4p dung ddng thirc nhén tir hoa
(2.3) ta dugc

2FA S} (w) + F{ [ H(w) Felky + k) Hw)

= 2F.{g}(w),w € [0, %],h =0

nén Fu{ f}(w) (1 LR{h u iz }(w))
= Fc{g}(w)7w € [O’ %]

Diéu d6 cho ta biéu dién sau F,{f}(w)
k1 + ko

=8
L+ P22 w)

Fc{

- Ao} (1-

w e [0,%].

Do gia thiét ctia Pinh ly 3.2 nén ton tai
duy nhit ham v € ¢, (hN) dé

Ffu}(w) = R 0,
AL T

Vay f(t) = g(t) — (g u)(t),t € hN.
Tu két qua cia Dinh 1y 2.2, ta ¢6
g *u € (1(hN) va c6 danh gia sau
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< [l gllen vy + [lg*ull ey )
< Nlglles ey (1 =+ NJulley ) -

Trong cac nghién ctu tiép theo,

£l &2 vy

chung t6i xem xét mot sd tich chap suy
rong voi ham trong trén khong gian ham
(,(hN),p =1,2,...vahlasd thuc duong
cho trugc ciing nhu ung dung vao giai mot
s6 phuong trinh Toeplitz-Hankel va phuong
trinh vi-tich phan khac.

TAI LIEU THAM KHAO

Tiéng Viét:

[1] Nguyén Xuan Thao, Phép bién doi tich
phdn, tich chdp va ung dung, NXB Khoa
hoc va Ky thuat, 2015.

[2] Trinh Tuan, Ham dang I voi nhidu ddi s6
ma trén va tich chdp suy rong cua phép
bién ddi 1, Ludn dn Tién st Todn hoc, Pai
hoc Qudc gia Ha Noi, Ha Ngi (2009)

Tiéng Anh:

[3] Naimark. M. A., Normed Algebras,

Wolters-Noodhoff Publishing, Groningen
(1972).

[4] Nguyen Xuan Thao, Virchenko N. A, On
the generalized convolution for, csFF and
K-L integral transforms, Ukrai. Math. J.
V.64,N.1,pp81-91

[5] R.J. Marks, lan A. Gravgne, John M.
Davis, A generalized Fourier transform

and convolution on time scale, J. Math.
Anal. Appl,340(2008),901-919.

[6] Saitoh, Weighted Zp-norm inequalities in
convolutions, Survey on Classical
Inequalities, Mathematics and its
Applications, vol. 517, pp. 225-234,
Springer, New York (2000).

[7] S. Hilger, Special functions, Laplace and
Fourier transform on measure chains,
Dynam. Systems Appl. 8 (1999)471-488.

31



TCKH&CN, 23.(02), 2023

(8]

[9]

[10]

Sneddon.l. N (1972), The Use of Integral
Transforms, MacGray-Hill, New York.

S. Saitoh, V. K. Tuan, and M Yamamoto,
Reverse convolution inequalities and
applications to inverse heat source
problems, J. Inequal. Pure. Appl. Math. 3
(2002),no. 5, Art. 80

Titchmarch, Introduction to the Theory of
Fourier Integrals, Oxford Univ Press,
1937.

Liénhé:

Nguyén Thi Hong Phuwong

Truong Pai hoc Supham Ha Noi

Dia chi: 136 Xuan Thiy, Cau Gidy, Ha Noi
Email: phuongnth@hnue.edu.vn

Ngay nhan bai: 05/3/2023
Ngay guri phan bién: 07/3/2023
Ngay duyét dang: 18/5/2023

32

[11]

[12]

T. Tuan, Operational Properties of the

Hartley Convolutions and Its
Applications, Mediterr. J. Math.(2022)
19:266

T. Tuan, On the Fourier sine and
Kontorovich-Lebedev generalized
convolution transform and applications,
Ukrain. Mat. Zh. 72(2020), no. 2, 2667-
279



