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MARCINKIEWICZ-ZYGMUND TYPE STRONG LAW OF LARGE
NUMBERS FOR RANDOM VARIABLES IN METRIC SPACES

LUAT MANH SO LON DANG MARCINKIEWICZ-ZYGMUND CHO CAC
BIEN NGAU NHIEN TRONG KHONG GIAN METRIC

Pham Tri Nguyén
Truong Pai hoc Dién luc

ABSTRACT: In this paper, we establish some results of strong law of large numbers for
random variables satisfy the maximal inequality with exponent P (0 <p< 2) in metric

spaces.
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TOM TAT: Trong bai bdo nay, chiing téi thiét lap mét sé két qua dang ludt manh sé lom
cho cdc bién ngau nhién thoa man bat dang thirc cuc dai voi so mii p (0 < p <2) trong

khong gian metric.

Tir khod: Ludt manh s6 16m, hoi tu hau chdc chdn, khong gian 16 hop 16i.

1. PAT VAN PE
Luat manh s6 16n

Marcinkiewicz-Zygmund da dugc nhiéu

dang

tac gia nghién cu va thiét 1ap. Etemadi
[3] chimg minh luat manh s6 16n cho cac
bién ngﬁu nhién doc lap do6i mot cung
phan phdi. Sau d6, Choi va Sung [1] m&
rong két qua cua Etemadi cho cac bién
ngﬁu nhién doc 1ap d61i mot va bi chin
ngiu nhién boi bién ngau nhién X voi
E(| X (log" | X|)) <00 (1<p<2).

Hong va Hwang [4], Hong va Volodin [5]
thiét lap luat
Marcinkiewicz-Zygmund cho mang kép

manh sb 16n dang
cac bién ngdu nhién. Trong [2], Dung va
cac cong su da thu dugc luat manh s6 16n
dang Marcinkiewicz-Zygmund cho mang
kép cac phan tir ngdu nhién trong khong
gian Banach, két qua ctia Dung va cac
cong su mo rong két qua twong Gmg cua
Hong va Volodin.

Trong bai bao nay, dua vao khai
niém khong gian t6 hop 10i duoc dua ra
boi Teran va Molchanov [8], chung t61
phat biéu khai niém vé ho cac bién ngiu
nhién trong khong gian to hop 16i thoa
man bat déng thire cuc dai v6i sb mi P
(0 < p <2). T do, chung to6i thu dugc
luat manh s6 16n dang Marcinkiewicz-
Zygmund cho ho cic bién ngdu nhién
trong khong gian t6 hop 16i thoa man bat
dang thic cyc dai voi s6 mi p
(0<p<2).

2. BIEN NGAU NHIEN TRONG
KHONG GIAN METRIC

Trong muc nay, chung toi trinh bay
mot sb kién thirc co ban vé khong gian
metric v6i phép toan t6 hop 16i (hay con
goi 14 khong gian t6 hop 151) va bién ngau
nhién nhan gia tri trong khong gian to
hop 16i dugc dua ra boi Teran va
Molchanov trong [8].
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Gia st (Q, A, P) la khong gian xac

sudt day du va (Z,d) 1a khong gian metric.

V6i A€ o, taky higu I, 1a ham chi ti€u
ctia A. Trang bi trén = mot phép toan to
hop 10i nhu sau: voi n > 2 cac sd

Ayyees A, > 0 thod man Z/Il. =1 va céc

i=l1

phan tu u,....u, € 2, phép toan t6 hop
16i cho két qua 1a mot phan tir cia = va
né duge ky hitu 1a [4u |
[Auy5..54,

[Lu]=u véi moiueZ .

hoidc
u] va ta gia thiét ring
Chu y rang
trong truong hop = 1a khong gian tuyén
tinh thi ta c6 thé dong nhit phép toan to
hop 16i véi phép cong va phép nhan vo
huéng  thong

n
=> Au, . Gia sir 5 tién dé sau
i=1

thuong, nghia 1la

dugc thod man:
e TD1 (Tl'nh giao hoan)
| [ i) U a(i)]; v61 moi hoan vi
o cua {1,2,...,72}
e TD2 (Tinh két hop)
(2]}

1

ﬂ, 2
U Aot A A A |
[ﬂl 1 n+1 n+2 |:ﬂ, l+l , Vl+_l:|l]
n+ N+ 171
e TD3 (Tinh lién tuc): Néu u,ve =

va
A% — 2€(0,1) khi k — oo thi

[ A% 1= 20 v ]

e Th4 (P9 cong am): V&I moi

—>[/1,u;1—ﬂ,,v]

iy, v,,v, € 2 va 1€(0,1) thi
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d ([l =2, ], [ A w51- 4,0, ])
<2d (u,v,)+(1-2)d (uy,v,).
e TD5 (Su 16i hod): V6i mdi ue =,

ton tai lim [n ! u} ~, gi6i han nay duoc

n—>o0
ky hi¢u béi K_u (hodc Ku néu khong so
nham 1an) va K duoc goi la toan tu 16
hoa.

Khong gian metric (E,d) trang bi
phép toan t6 hop 16i thoa mén 5 tién dé
néu trén thi dugc goi 1a khong gian t6 hop
10i. Tl céc tién dé néu trén ta thu duge
cac tinh chdt co ban cua khong gian to
hop 16i nhu sau:

e TCI: Véimoi u,,,....,u,, € Z va

n
a,...a,, B,.... 5, >0sao

choZm:al. =Zn:ﬂj =1.Taco
i=1 j=1

i=m,j=n
”I: J’u’/J I:a’gl’ulflzl,_jzl

e TC2: Phép toan t6 hop 16i 1 lién

tuc doi voi 2n bién cua no. Nghia la

(1]

- V61 moi phan tor u,,u,,...,u, €

\ , A k k
va cac s AV, 49,

Z":,i;“ =1.

i=1

/1;]‘) >0 thoa man

Néu A* — 4 e(0;1) khi k& —> o

n n
[/l(k),u} - [ﬂ.,u,]
i U P [ P

- Vo1 moi s0 4, 4,, ...,

thi

A, >0 thoa

man



A =1 va moi phan tir u(k) ,

ul ..., u¥e 2 Néu u® > u e E
khi k¥ — oo thi
n n
[ﬂ.,u(.k)] - [l.,u.] .
i 7 i=1 i i _i=1

e TC3: Toan tir 16i hoa K 1a tuyén
tinh, nghia la:

K(pj,uj]j_l) = [4.ku,] .

o TC4:
Ay Ay >0 thoaman Y7 2, =1, thi

K(pj,u L)

o TC5: Véi cac s6 A,4,,4 >0
sao cho 4 +A4,+4, =1 va cac phan tir

Néu ue = va
[/1 Kul

o

u,ve = thi

[ﬂ'la”;ﬂzaKv;ﬂ’pKv] = [115”;(22 +/13)7KV] .

e TC6: Anh xa K 1a khong gidn
d6i  voi  metric  d,
d(Ku,Kv)<d(u,v).

Cho anh xa X:Q—> =, X duoc
goi 14 bién ngau nhién nhan gia tri trén =

nghia la:

(hay bién ngiu nhién Z - gia tri) néu
XY (B)e o/ véi moi Be®

d6 2 (2)1a o - dai s6 Borel trén =

# (E2), trong

Tu gio tro di, chung ta luon gia
thiét ring (Z,d) 1a khong gian metric day
di va kha ly. C6 dinh u, € K(Z), bién
ngﬁu nhién = - gia tri X dugc goi la kha
tich néu Ed(u,, X) <o . Cha y ring dinh
nghia nay khong phu thudc vao viéc chon

phan tir u,. Tap hop tat ca cac bién ngiu
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nhién kha tich trén = dugc ky hiéu la
&( E ), metric trén &£( E ) dugc dinh
nghia boi A(X,Y)=Ed(X,Y).

Cho bién ngiu nhién don gian
X=[1,,r].
duge  dinh
E(X)=[P(Q),Kx,],
ngau nhién bat ky thudc (=) thi ton tai
diy cac bién ngiu nhién don gian hoi tu

Khi d6 ky vong cua X
nghia boi
. Néu X 1a bién

dén X va do d6 ky vong cia X duoc
dinh nghia 1a giéi han cua day cac ky
vong cua cic bién ngau nhién don gian.
Chu y rang:

d(EX,EY) < Ed(X,Y)

véimoi X,Y e £(E).

Ta két thuc muc nay bang viéc trinh
bay khai niém vé tinh bi chin ngau nhién.
Ho cac bién ngau nhién thyc {XZ, Di> 1}
dugc goi 13 bi chin ngiu nhién boi bién
ngiu nhién thuc X néu ton tai hing s6
C (0 < C < 00) sao cho voi moi i > 1,
t =0 thi

P{X [2t]<CP{ X [2t}.

3. KET QUA CHINH

Trong muc nay, ta ky hiéu hiu chic
chin 14 h.c.c va C 13 hang s6 duwong nao
d6 va n6 khong nhat thiét phai giéng nhau
trong mdi 1an xuét hién. Vi phan tir u,
cé dinh da néu trong muc trudc, dé tién

cac bién ngau nhién = -

viéc trinh bay ta ky hiéu
u,) véimoi v € E.
Pinh nghia 3.1. Ho {X7; 11> 1}

gia tri dugc goi

U

la théa man bat dang thuc cuc dai voi s
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mii p (0 < p <2) néu ton tai hing sb
C (0<C <o0) sao cho véi mdi
n > 1, thi

E (max kd ([kil,Xi]le, [k17EXi]f_1))p

1<k<n

(1)

Nhan xét rang voi 0 < p <1 thi
moi ho {sz 11> 1} cac bién ngau nhién
= - gi tri déu thoa man (1). That vay, véi

O0<p<ltacod

E(max kd((k ', BX ) [k‘l,EXi]f_l))p

1<k<n

<F

1<k<n =

maXZd (X,EX )]p

p

<2

— B|> d(X,EX)
=1

Do d6, ta chi cdn quan tim dén
truong hop 1 < p < 2.

Sau day la vi dy minh hoa cho Pinh
nghia 3.1, vi du dugc cho trong khong
gian Banach.

Vi du 3.2. Gia thiét rang khong
gian t6 hop 10i = 1a khong gian Banach
v6i chuan |||| Ta biét rang khong gian
Banach E duoc goi 1a Rademacher dang
p (1< p<2)néu ton tai hing s6 C
(0 < C < o0) sao cho v6i mdi n >1
thi

p n
<oy mjxf

voi moi phan tr ngau nhién = -

X, X,

gia tri

, X, ¢6 ky vong 0 (chi tiét co

22

thé xem trong [6]). Khi d6, néu gia thiét
thém ring ho {XZ, 1< < n} la doc
lap thi bang cac lap luén tuong tu nhu
trong B6 dé 1.1 [7], ta nhan duoc ho
{Xz 1< < n} théa man bat déng
thirc cuc dai voisdémii p (1< p <2).

Pé chimg minh cac két qua chinh
trong muc nay, ching ta cin bd dé& dudi
day.

Bb aé 3.3. Gia si {z, :n > 1} ia
ho cdc s6 thiee khéng am. Néu ton tai day
con {nk k> 1} cia day chi sé
{n 'n > 1} sao cho

lim max T =0,

k—oo n e SN<n

thz‘:z:n — 0 khin — 0.

Chitng minh. Cho € > 0, ton tai

N_ € N sao cho véimoi k& > N_ thi

max T < €.

<”<”A+1

Khi dé, véi moi n > N_, ton tai

k> N_saochon <n < n,., Do dé

r <

n -

max < €.

<”<”k+1

Tir tinh ty y cia € ta suy ra diéu
phai chimg minh.

Trong két qua ddu tién, ching ta
thiét 1ap luat manh s 16n cho ho cac bién
ngiu nhién = - gia tri thoa man bat ding
thirc cuc dai voisdémil p (1< p <2).

Pinh Iy 3.4. Cho ho {X, :i>1}

cac bién ngau nhién = - gia tri thoa man



bat déng thirc cuc dai véi sé6 mi
p (1< p<2).Néu

5|

; —(i“ )p < 00

véi o > 0 thi ta ¢6 ludt manh sé Iom
' d([n X ] L EX ) - 0
h.c.c khi n — oo. (2

ya
’ILO

Chirng minh. Cho € > 0, theo bat ding

thirc Markov va (1) ta co6

ip{fgfjﬁ] i d([n Xl EXT ) > 6}

Sipimax A

—1 n —1 n
o Sn<‘2‘“ Zku d([n ’){i]i:l,[n 7E)(i]i=1) > 8}

Tir bd dé Borel-Cantelli, ta suy ra

max n'“d([n X ], [n " EX] )

P ananbtl

— 0 h.c.ckhi & — o0. 3)

Két hop (3) v6i B6 dé 3.3 ta c6 diéu phai
chting minh.

Trong dinh ly tiép theo, ta thiét lap

luat manh s0 lon dang Marcinkiewicz-

Zygmund cho hg cac bién ngau nhién = -
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gia tri thoa man bat déng thire cuc dai véi
somii p (1< p<2).
Dinh 1y 3.5. Cho ho {X, i >1} cdc

bién ngdau nhién = - gia tri thoa mdn bat

dang thirc cwc dai véi s6 mi P
(1< p<2).Gidsi ho {HXH L > 1}
bi chdn ngdu nhién boi bién ngdu nhién

X thoa man E(| X | log" | X |) < oo

voi e (lp) Khi dé  néu
EHXLP < 00 voi moi ©>1 thi ta co
Uy

ludl‘ manh Sé [on
n171/rd ({n—l,Xi]?:N [n*leXi ]?:1> — 0
h.c.c khi n — o0. )

Chitng minh. V&i mdi n > 1, ta dat

o |x, kni x| <
Xn - : " 1/r
|u, khi X >0
va
~|x, kni HX > 'l
Xn - : K 1r
u,, khi x| <nt

Theo bat dang thirc tam giac, voi n > 1
thi

|,

<d(x,X)+|x)],

Uy

<.

1
+ ||X

n
Uy

Uy

Lap ludn tuong ty nhu trong B6 d& 1.2 [7]
cho truong hop mot chi sb, ta thu dugc
céc bt dang thirc:
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ZP—/T“"<CE(|X| log" | X [) < oo

N (5)

va

_ sl

;T““SCEOXY log™ | X|)<oo.
(6)

Boi gia thiét " <00 va (6), ta

suy ra !

;—f % < o0, 7)

Két hop (5) va (7), ta nhan dugc

+CE

St dung DPinh ly 3.4 cho truong hop
o =1/r ta thu duge diéu phai ching

minh.

4. KET LUAN

Trong tai liéu tham khao [2], céc
tac gia da dua ra khai niém ho cic phan
tr ngau nhién trong khong gian Banach
thoa mén bat ding thirc Marcinkiewicz-
Zygmund cuc dai voi s mi
p(0<p<2).

chung minh mét so ludt s6 16n cho mang

Tu d6, cac tac gia da

hai chi s6 (mang kép) cac phan tir ngau
nhién trong khong gian Banach. Trong
bai bao nay, khai niém vé ho céc bién
ngiu nhién = - gia tri théa man bat ding
thire cyc dai véisd mil p (0 < p <2) 1a

su mo rong tuong ung can thi€t cua khai
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niém bat ding thtc Marcinkiewicz-
Zygmund cuc dai  voi s mi
p(0<p<2).

dugc cac két qua chinh trong bai bao.

Tu do, ching ta thu

Qua day, tac gia cling xin dugc
gui 101 cam on dén sy hd tro cua trudng
dai hoc Pién lyc cho tac gia trong qua
trinh nghién ctru cong trinh nay.
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