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SOME EXTENSIONS OF THE YOUNG INEQUALITY
AND APPLICATION

MOT SO MO RONG CUA BAT DANG THUC
YOUNG VA UNG DUNG
Ho Nguyén Nhat Llnh , Nguyén Thi Thu Hién',
Ha Thi Thu Hang Pham Vin Dugc’

"Trudng Dai hoc Su pham, Dai hoc Da Nang
*Truong Dai hoc Duy Tan

ABSTRACT: In this note, we are going to prove some the Young inequality and the
extended Young inequality by the methods of elementary mathematics. These results of
Youngs inequality are used to improve the Rogers - Holder inequality for the class of

functions in the space with

Tir khéa: Young s inequality, Rogers - Holder s inequality, space ; p convex function.

TOM TAT: Bdi bdo nay trinh bay chimg minh cdc bdt ddng thire Young va bat déing
thitc Young cdi tién bang cac phwong phap cua todan so cap Cdc két qua ciia bat ddang thirc
Young dwoc sir dung dé chirng minh va cdi tién cdc bat ddang thire Rogers - Holder cho 16p

cac ham thuoc khong gian LP voi p > 0.

Tirkhéa: Bdt diang thirc Young, bat ddng thire Rogers - Holder, khong gian LY, ham [6i.

1. GIOI THIEU

Bét dang thic Young 1a mot két
qua dep trong giai tich 161 va thudong duoc
chirmg minh bang phuong phap ham 16i
[1,2]. Bt dang thic nay cling 1a cong cu
quan trong dé xay dung chuin va nghién
ctru vé khong gian LP voi p > 0 [3.4].
Nham phtt hop hon véi nhiéu ban doc, bai
bao nay trinh bay lai cac chirng minh cua
bat dang thic Young va bat ding thic
Young m& rong bang cic phuong phéap
toan hoc so cap. Cac két qua cua bat dang
thirc Young dugc tng dung dé ching
minh cac bat dang thirc Rogers - Holder va
bat ding thirc Rogers - Holder cai tién cho
cac ham thudc khong gian LP voip > 0.

2. MQT SO KIEN THUC CHUAN BI

Cho (X,F,pu) 1a mot khong gian
do dugc véi pu la 46 do duong, du va
o —hiru han trén X. Vi p > 0 ta ky hi¢u
LP(u) 1a khong gian cac ham f do duogc
trén X va thoa man

fX AP (duG) = |

X

If1Pdp < co.

V6i f € LP (u) ta dit

1

111y = ( /. Ifl”du>;-

O day ta goi hai ham f,g € LP(u) la
bing nhau hau khip noi trén X (ki
hiéu
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f =g (h.k.n) trén X) néu ton tai tap
Ay c X théa man u(4;) =0 va
f(x)=g(x), Vx€X\Af,. Boi tinh
chit cia do do u ta suy ra néu f =
g (h.k.n) trén X thi [|f]|, = [|g]l5.

Sau day, chung toi nhic lai mot sb
két qua chuan bi cho cac noi dung & cac
muyc sau. Cac két qua nay duoc tham
khao tu tai li¢u [1] va céc ching minh
dugc trinh bay theo hudng str dung nhiéu
nhét cac k§ thuat cua toan so cap.

Dinh Ii 2.1 (Bit ding thirc Bernoulli).
Chtng minh ring, voi moi x > —1ta c6
L(1+x)P=>1+px

voi moi p € (—0,0] U [1, 0);

ii. (1+x) <1+ pxvéimoip € [0,1].
Chirng minh:

-Voip = 0hodcp =1thii vaii xayra
dhu ="
- Ta xét truong hop p # 0; 1: Xét ham s6
sau

f)=0+x)P—-1-px

Ta co

(x> -1).

) =pA+x)P~ —p.

Twr d6 suy ra
ffx)=0=x=0.
Ta xét hai truong hop sau day

+ V6i p € (—00,0) U (1,00): Ta c6 bang
bién thién sau

X -1 0 +00

£'(x) -0+

12

f(x) \ /’

0

Tir bang bién thién suy ra
fX)=20= (1+x)P=>1+px
(Vx > -1).
Viy i. dugc chirng minh.

+ Véi p € (0,1): Ta c6 bang bién thién
sau

X -1 0 40

£(x) A

f(x) / ’ \

Tir bang bién thién suy ra

fW <0 A+x)P<1+px
(Vx > -1).
Vay ii. dugc chirng minh.
Dinh Ii 2.2 (Bit ding thivc Young).
Chirng minh rang v6i moi a,b > 0 ta c6
i.ab S£+ﬂvéimoip >1va—+-=
P q P q
1;
ii. ab 26;—p+l;—qvéim(_)i0 <p<l1
VAt 4= =1
P q

Chirng minh:

i. Ap dung Pinh 1i 2.1i. cho 1+ x =

pa-1
ta co



(b:—l)p =1+p (b:—l - 1)
aP

i pr(a—1)

pa

21+bq_1—p

pb*
< aP +T > pab

aP b4
S —+ — > ab.
p q

Vay i. dugc chirng minh.

ii. Ap dung Pinh 1i 2.1ii. cho 1 + x =

a

= ta co
a \P a
(bq—l) =s1l+p (bq—l - 1)
aP - pa
= ppla—n = 1+ pa-1_ P
pb1
& a? +— < pab
q
aP b4
& —+ — < ab.
p q

Vay ii. dugc chirng minh.
Cac bat ding thirc Young xay ra dau “=”
khi va chi khi
x=0a=>bh1"1 o a? = bi.
Dinh Ii 2.3 (Bit ding thirc Rogers -
Holder). Cho (X,F, ) 1a mot khong gian
do dugc va f € LP(u), g € L1(u). Chirng
minh cdc ménh dé sau day

i. Néup > lvé:—)+%= 1 thi ta c6
gl < [If11pllgllg-
ii. Néuo<p < 1va$+§= 1 thi ta ¢6

[1fglle = [If11p11gllg-
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Chirng minh:
i. Ap dung Dinh 1i 2.2i. cho a = ||{]E|xl)|,
14
b =190, ¢4
l1911q
IfCIl 19l _11f (I
= Z
1A, Mall, =2 (i1l
1lg@)l
q
9 |lgll,
(Vx € X).

Lay tich phan hai vé cua bit dang thirc
trén ta co

1
— d
I|f||p||g||qfx Joldn

)
<—— | IflPdu
plIfIl, Jx

+ qf lgl9du = 1.
qllglly Jx

Tu d6 suy ra
fglly < 11fllpllgllq-

ii. Ap dung Binh 1i 2.2ii. cho a = L&

[
b =100 o6

lgllq
[FCIl 19l _ 1If (I
11, Natl, 2 i1l

1{g()]4

4 |igll]

(Vx € X).

Lay tich phan hai vé cia bat dang thirc
trén ta co
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——i——jlfu
glau

AT Tiall, Jx

il
>——= | |fIPdu
plIfIIS Jx
1
to [ lglodu=1
qllgllg Jx

Tt d6 suy ra
11fglls = 1If1lp119llq-

Nhén xét 2.4.
Tt Pinh 1i 2.3i. ta suy ra véi p > 1, néu
feLP(w),g € LI(w) thi fg € L'(w).
3. MOT SO KET QUA MO RONG VA
CAI TIEN BAT PDANG THUC
YOUNG

Muc nay s& trinh bay két qua tong
quat hoa cua bat dang thirc Young trong
Dinh 1i 2.2i. va két qua cai tién cua bat
dang thic Young. Cac két qua ndy sé&
duoc ap dung vao khong gian LP dé cai
tién bat ding thirc Rogers — Holder & muc
sau.
Dinh li 3.1.
Cho xl, e, X
cho p— + - + — = 1. Ching minh ring

X
l_Lc1k Zklpk

Chirng minh:

>O va Py, ., Pn > 1 sao

Ta s& chimg minh bang phuong phap quy
nap toan hoc.

- Hién nhién bat déng thirc dung voi n =
1. Theo bat dang thic Young (DPinh li
2.2), bat dang thirc dung véin = 2.

14

- Gia s bat ding thirc dung v6i n =
m(m = 2), tic 1a véi py, ..
ch0—+ +—— 1taco

[T == 3
k=1 klpk

- Ta s& ching minh bat dang thic dung

. Pn > 1 sao

vOi n=m-+1, tuc la vl

Pis - PmsPm+1 > 1 sao cho pi+---+
1

" =1 ta can ching minh bt

Pm  Pm+1
dang thic sau

m+1 m+1 xpk
[y
k=1 k=1 Pk
That vay: Dat
1 1 1

Boi gia thiét quy nap ta c¢6

m+1 X1 oo Xy )P
1—[ xks( 1 Xm)
k=1 p

xpm+1

+ m_+1. 1
Pm+1 W

Lai ap dung gia thiét quy nap ta c6

(1 oo X )P = xP L xh,
AN CAL
xl 14 xm 14
e TERE e
P P
P1 Pm
1 Xm
<P1 Pm @)
Tu (1) va (2) ta suy ra



m+1 m+1 5Pk
[y
k=1 k=1 Pk
Vay dinh li dugc chirng minh.

Vi du: Ap dung Pinh ly 3.1 cho trudng

hop p; =+ =p,=n va xi:%,i:
1,2,...,n ta s& nhan duoc bét déng thirc
Cauchy quen thudce

al + "'+ aTL
— > "a, ...a,.
n

Dinh Ii 3.2.
Chol<p<?2 va%+§= 1. Khi d6, véi

moia,b = 0 ta co:

1(ag—b%)z Sﬁ+ﬁ—ab

q p q
1,7 a2
<—(az—bz) .
p(as—12)
Chung minh:

- Néu p = q = 2 thi cac béat dang thuc

({4

can chirng minh xay ra dau “=".

- Néu a = 0 hodc b = 0 thi cic bit dang
thirc can chimg minh ciing xay ra dau
- Ta xét truong hop 1 <p <2vaa,b >
0:
+ Ta ching minh bat dang thic thir nhat

2 qP p4

%(ag—b%) S?+;—ab.

Bit dang thuc tuong duong voi
2-p
p

C6dinh 1 <p <2 vaa>0.Xét ham sb
sau

2 pa
ap+aa2b2—ab > 0.
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- 2
f)=""Lar 4 5a§bg
—ab (b>0)
Ta co

a_q

f'(b) = agbz - a.
Suy ra
f'(b)=0& b =aP™L.

Ta c6 bang bien thién sau

B |0 aP~1 +00
f'(b) - 0 +
£(b) \ /’
0

Tu d6 suy ra

f(b) =0 (vb>0).

Tac la
1,2 a2 aP bl
—(az —b2) <—+——ab.
q P 9
+ Ta ching minh bat dang thuc thi hai
alP b4 1,2 a\2
—+——ab S—(a2 —bz) .
P q p
Bét dang thuc twong duong véi
2—p 2

P a
b? ——azbz +ab > 0.
p p

Cé dinh 1 < p <2 vab > 0. Xét ham sb
sau

f(a)=2_p 2

b 4q
b? ——azbz

+ ab (a>0).

Ta co
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f'(a) = —az"'bz + b.
Suy ra
f'(a) =0 a=p11,

Ta c6 bang bién thién sau

A 0 pa-1 +0o0
f'(a) - 0 +

0
Tur d6 suy ra

f(a) =0 (Va>0).

Tuac la
4 q p a2
il _ap Sl(az —bz) :
p q p
Nhdn xét 3.3.

Bét dang thic Young trong Dinh 1i 2.2i. 1a
hé qua cua bat dang thirc thir nhét trong
Dinh1i3.2.

4. MOT SO KET QUA CAI TIEN BAT
DPANG THUC ROGERS - HOLDER

Trong muyc ndy, ta s& cai tién bat
dang thirc Rogers — Holder trong Pinh i
23. Véi1l<p<oova feLP(u) ta cod
thé kiém tra dang thirc sau day

2 P
A1 = [1F 12112

P
the 1d f2 € [2(u). Ta ky hiéu f, =
max(f,0) va ff = (max(f,0))t.
Dinh li 4.1.
Cho 1<p <o va%+%=1. Cho f €
LP(u), g € L1(u) sao cho

16

f 1y, 11gllg > 0. Khi d6 ta ¢6 cac ménh

dé sau
i. Néul<p<2thi

2

fle gl
2 gZ
||f||p||g||q ) P q
2 2
17112 gl ||
<|Ifgll,
< ifl, ligll,
i et |l
2 2
1—- ! __4 ) (%)

q p q
Ifalls  1Ifali3ll,

ii. Néu 2 < p < oo thi ta c6 diy bit dang
thirc (*) voi vai trd p va g ddi cho nhau.
Chirng minh: i.- Theo bt dang thirc thir
nhét trong Dinh 1i 3.2 ta c6

az—bz) <—+——ab.
p q

1 ( p q)z aP b4
q
Ap dung bit dang thire nay cho a = |tf],

b = |g| voihing sb t > 0 ta co

(1ertE = 191)

ltfIP 1gld
< +——|tfgl.
% q

Ly tich phan trén X theo do do u hai vé

ctia bat dang thtrc trén ta c6

2
2

[lesti - 191

llgllg

tP
S?||f||§+ —tllfglli. (%)



1

g2
Chont = , khi do ta co
[f11p
2 q
v lgllg
T
I£IIZ v
Thay vio bt dang thirc (**) va bién d6i
ta thu duoc
lIfgl|,
<
< Jifll ligll,
P a ||
Ll Ifl2 gl
1_5 N ]
A1, Hallgll,

- Theo bat dang thirc thir hai trong Dinh 1i
3.2tacod

a? b1 1, p a\2
—+——ab§—(a2—b2) .

p q p
Ap dung bat dang thic nay cho a =
[tf],b = |g| véihang s6 t > 0 ta cb

tf|P a
lef1P, lgl®
p q

— |tfyl

<= (e - 1g17)

Lay tich phan trén X theo d6 do u hai vé
clia bat dang thuc trén ta co
g1l

gl
- —tlirall,

tP D
?||f||p+

)’ (¥%x)

s%|||tf|§— gl?

1

gl Pt
Chont = q
: Il

, khi @6 ta co
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a
2 q
1 ot
£, P
Thay vao bét ding thirc (*##) va bién doi
ta thu duoc
e et
2 g 2
Hf1plgl1q | 1 ooz @
2 2
A1l Hgllgll,
< [If9glls-

Do [|fgl]1 = 0 nén ta suy ra
2

1| 1f12 gl
2 2
NI

p 5 7
A gtz

< Ifglls-

Viy cac bit dang thirc () duoc ching

I1fllpl1g11q

minh.

. Vi 2<p<oothitasuyral<g<
2. Khi d6, trong trudong hop i. ta ddi vai
tro ciia p va q cho nhau ta s& thu duoc két

luan nhu trong ii.
5. KET LUAN

Bai béo trinh bay mot s6 két qua
mé rong va cai tién cua bat dang thirc
Young va tng dung cta bat dang thirc d6
trong khong gian LP. Cac két qua o day
dugc ching minh dya trén cdc cong cu
clia toan so cap. Vi vay, két qua cua bai
béo 1a kha hiru ich déi véi cc ban sinh
vién va hoc vién ca chuyén nganh toan va
cac chuyén nganh khic can su ung dung

cua cac kién thirc toan hoc.
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