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SOLVABILITY FOR A CLASS OF NON-LOCAL SEMI-LINEAR
DIFFERENTIAL EQUATIONS WITH DELAYS

TINH GIAI BPUGC POI VOI LOP PHUONG TRINH VI P}{AN KHONG
DIA PHUONG NUA TUYEN TINH CO TRE

Nguyen Nhu Quan
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ABSTRACT: In this article, we examine the solvency of mild solutions for a class of
non-local semi-linear differential aquations involving finite delays. We prove the global
solvability of mild solutions to this problem based on local estimates and fixed point
arguments, in which the non-linearity is sub-linear without the smallness condition on
initial data as well as on coefficients.
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TOM TAT: Trong bai bdo nay, chimg téi nghién ciru tinh giai dwoc ciia mét 1op
phurong trinh vi phdn khéng dia phwong niva tuyén tinh cé tré hitu han. Chiing t6i chirng
minh su ton tai toan cuc ciia nghiém phan tich dua trén cdac woc lwong vanguyén li diém bat
déng, ¢ dé phan phi tuyén la duedi tuyén tinh va khong can dén diéu kién dir kién ban dau
ciing nhuw cdc hé s6 phai nho.

Tir khéa: Tinh gidi dwoc toan cuc, Phwong trinh khong dia phirong niva tuyén tinh,
Pinh li diém bat dong.

1. INTRODUCTION u(s,x)=@(s,x);s €[—h,0],x e Q (1.2)
Recently, some authors have already for @eC(-h,01;L°(Q), @0,)=u,,

drawn attention to the nonlocal equations. and the Dirichlet boundary condition

The results on local existence and u(t,x)=0,t>0;x € 0Q (1.3)

stability of the solution to the inverse  where the kermel melL, (R"),

problems were obtained in [1, 3, 4]. It
should be noted that, in the mentioned
works, no attempt has been made to
consider global solvability. This is the
main motivation for our study in the
present paper.

Let Q< R" be a bounded domain with
smooth boundary 0. We consider the
following problem.

Ou=0,(m*Au)+ f(t,u,);
t>20,xeQ

with initial condition

(1.1)
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f:R*xC([~h,0]; L’ () - R is a given
function. Here u, =u(t+s) is the delay
term with the interval of delay time
[<4,0], and the notation * denotes the
Laplace convolution with respect to the
time ¢, i.e.,

(K* V)1, x) = jo K(t — 5)V(s, x)ds .
Equation (1.1) is a class of nonlocal
differential (PDEs),

which has been employed to describe
diffusion

partial equations

anomalous processes, as



remarked in [8]. In the case, function m

is differentiable (1.1) becomes a diffusion
equation with memory, which describes

mass transport in a relaxing medium such
as is encountered in polymers near and
below their glass transition [2] and it has
been proposed in [7] to model the
behavior of certain viscoelastic fluids.
In order to deal with (1.1) we use the
following standing hypothesis.
M) The

1
melL

loc

kernel function
(R™), and there exists a non-
negative and non-increasing function
keL, (R") such that
(0,400).

Noting that, the hypothesis (M) was
used in a lot of works. This enables us to

m*k=1 on

transform equations of type (1.1) to a
with
completely positive kernel. In this case,

Volterra  integral  equation
one writes (m,k)ePC. Some typical
examples of (m, k) were given in [8],
e.g.,

* m(t)=g, ,0)=t"/T(l-a),ae(0,1)
and k(t)=g,(t),t>0: slow diffusion
(fractional order) case.

s m() = jol 2,(t)dp and

=]

dp,t > 0: ultra-slow
I+p

diffusion (distributed order) case.

* m(t)y=g,, e, y>0,and
k(t)=g, (e +y jo g.(s)e"ds,t>0:
tempered fractional order case.

The rest of this paper is organized as
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follows. In the next section, we briefly
present some basic notations and give a
presentation of mild solutions to (1.1)-
(1.3). Section 3 is devoted to showing the
results on global solvability in case the
nonlinear function f satisfies the sub-

linear condition.
2. PRELIMINARIES

To define the resolvent operator and
construct the solution formula. We
consider the following scalar integral
equations

s(t)+u(m=*s)(t) =1 (2.1)
r(t)+u(m=*r)(t) =m(t),t >0. (2.2)

The existence and uniqueness of s

Recall that the

is a completely positive

were analyzed in [6].
function m
kernel, then s(-) take non-negative values
forevery u>0.

r(-, i) the
solutions of (2.1) and (2.2) respectively.

Denote by s(,u) and
As mentioned in [9], the functions s(-, &)
take non-negative values even in the case
1<0. We
properties of these functions.
Proposition 2.1. [5,9] Let m

completely positive function. Then for
every u>0, s(u)el, (R"). In

collect some additional

s a

addition, we have:

(1) The function s(-,u) is non-
negative and non-increasing. Moreover,
s(t, ,u)[l + ﬂj;m(e)de} <1,ve>0, (2.3)
hence if m¢L'(R") then }Lrg s(t,u)=0

forevery u>0.
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(2) The function r(-,u) is non-
negative and one has
s(t,pu)=1- ,quj r(t,p)drt >0, (2.4)

(3) For each t>0, the function
M= s(t, 1) is non-increasing.
(4) Equation (2.1) is equivalent to
the problem
ds
dr
Remark 2.1. Let

w(t) = s(t, 1) +(s(, 1) * g)1)

+u(m#*s)=0,s(0)=1.

here
gel

weRY) . If m is a completely

positive function, then w is the unique
solution of the problem

W'+ p(mxw) =g (), w(0)
=&, u>0,t20.
Indeed, take integral to both sides of
(2.5), we have
w4+ pu(m*w) =E+1%g(?). (2.6)
Taking the Laplace transform on (2.6),

(2.5)

one gets
Wt umw =A"E+27'g,
here /} is the Laplace transform of a
function f . Then
Ww=A" A+ um)  E+ AT A+ um) ' g
=3¢+sg.
thanks to the fact that §=A""(1+ um)™".

So taking the inverse Laplace transform

on the last relation, we obtain

w(t) = s(t, )& + (s, 1) * g)(1) -
Suppose that v,w are two solutions of

problem (2.5) denote @ =v—w then
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o'+ um*w')=0,0(0)=0,
this implies w=0.
Let {£} be the orthonormal basis of
L’(Q) consisting of eigenfunctions of the

operator —A with homogeneous Dirichlet
boundary condition, i.e.,

-Aé =46 inQ, & =0 on 0€Q, where
we can assume that {4 } is non-
decreasing with 4, >0. Let

Vy={ve }(Q): izj/’ (v,&,)* < oo}, then

n=1

Vs

product

)y, = 22 E)0 ).

is a Hilbert space with the inner

Furthermore, for any >0, the
embedding ¥, c I’(Q) is compact and
V—ﬁ

of V,. We now define the following

can be identified with the dual space

operators

o0

S()x = ;S(L A,)(x,6,)5,, 27

t>0,xe*(Q),
It is easily seen that S(7) is linear. We
show some basic properties of these

operators in the following lemma.

8D} 120
families of linear operators defined by

(2.7)
a. For each xeL’(Q) and T >0,

S()x e C([0,T];I*(Q)) and
| S@)xlo<s@.2) || x|, €[0,71.

Lemma 2.2. Let be the



b. For eachx € I’ (Q),
(-A)S(x e C(0,T; L7 ()  and
[x]]
| s@)x||, < T 1e(0,T].
c. For g C([0,T]; I*(Q)),

(2.8)

(-A)2S*geC(0,TEL(Q)  we

have

I

I8 *2@F 29)
<[ k@[ st-7.2) |l 2@ |} dr

d. If m is non-increasing, then

S()yveC'((0,TT; L*(Q)) and it holds that
ls'®)||,<t,vee©,71].

Here, the notation ”” stands for the

standard norm in L*(Q) and || . || c
represents the operator norm of bounded

linear operator acting on L*(Q).

Proof. The proof of a. and b. can be
found in [5].

c. We see that
1

(-A)*S*g(1)

.1 (2.10)
=Y A2 st—7.4,)g,(@)dze,,
n=l1

where g () =(g(?),e,). Using HO lder

inequality, we get
' 2
A, (J.O s(t-7,4))g, (z')dr)

<A, I; s(t—r, ﬂn)drj.ots(t -7, g, (@) dr.
(2.11)
Recall that
s(t, )+ Am*s(-, A)(t) =1,
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then Am*s(-,4)(¢) <1.So, we have

) jo’s(t —7,2)dz = As(, A) *1(F)
=As(, ) *m*k(r) (2.12)
<1*k(1).

Combine (2.11), (2.12), ones get

(]l stt-7. A0, e

< J.;k(r)drjgs(t -7,2) | g, (z) dr

SO

l 0 P 2
=22 8*20|P=3 4, ( jos(t—r,ﬂn)gn(r)drj
n=1
< IO k(r)dr; jos(z—r,zl) g, (o) dr

:I;k(r)drj;s(t—r,/ll) le@ | da=,

which implies (2.9). In order to show

1
(-A)2S*g e C([0,T];L*(Q)), it suffices
to check that series (2.10) is uniformly
[0,77].

convergent on Since g s

o0
continuous, the series Z[gn(r) s

n=l1
uniformly convergent on [0; 7]. That
means, for any € >0, there exists N e N

N+p

such that Y |g,(r)[<e for all
n=N

N>N_,peN and 7€[0;T]. It follows
that

N+p

> 4 st-1.4,)g,(2)dr

N+p

< J.;k(r)drz Iots(t—r,ﬂq) | g, (1) I dr

N+p

= [ k@de[ s(-7.2) 3 I8, (D) dr
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< ej.ot k(r)drjot s(t—r,A4)dr

< e]. k(r)drj.s(t -7,4)dr,

for all £ €[0;T], which guarantees the
uniform convergence of (2.10) on [0; T].
d. Let r(-,A) be the solution of
(2.2) with g=A. Then, due to the

assumption that m is non-increasing, we
have

r@ﬂ}hbMﬂﬂrUﬂDdTSmU)
In addition, it follows from (2.4) that
ﬂr@p@dr=140—ﬂnﬂn

> 27! [1—;j
1+ A(1*m)(¢)

__ (Fm)(@)
1+ A1 *m)(@)
Hence

MLJ)SmUKI—lﬂr@“Ddﬂ

., (Fm)@)

S"“”[l il+iﬂ*mX0j @13)
_ m(t)

1+ A(Em)(0)

Considering the series

D st AW,E, 1> 0,8,
n=l1

=.&).w e L(Q),
we see that
15'(1,2,) [ A, (2, ,)
A,m(t)
1+, m)(1)
A,m(t)
1+ A tm(1)

(2.14)
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<

~ | =

9

thanks to (2.13) and the fact that
(1*m)(t) 2 tm(¢t) for ¢t>0. This ensures

the uniform convergence of series (2.14)
on [¢;T] and it holds that

S’(t)l// = isr(tﬁ ﬂ‘n )l//ngn >

n=1

S' ey ||

<t|w||.t> 0, e ().
It follows from (2.8) that, for any 7 >0,
S@): (Q)— L (Q) is

Furthermore, we will prove that the

compact.

Cauchy operator
Q:C([0,T]; L () = C([0,T1; L* (X))
define by
Q(g)(1) =(S*g))

is compact in the next lemma.

(2.15)

Lemma 2.3. Let the assumption (M)

hold. If the function m is non-increasing,
then the operator Q defined by (2.15) is

compact.

Proof. Let D be a bounded set in
C(0,T];L*(Q)). We first show that
(—A)% O(D)(¢) is a bounded set in L*(Q)
for each 7> 0. By using Lemma 2.2, we

have
| (-a)2 0()®) ||

< Jokde([) ste-r. 1) [ g@ |F ar).
Vtel0;T],
which

1

(-A)2Q(D)(7) in L*(Q) for all ¢>0.

ensures the boundness of



1

Since the embedding D((—A)?) — > (Q)
is compact, we obtain the compactness of
O(D)(t) foreach t>0.

Now we

o) is
equicontinuous. Let ge D,r€(0,7] and
0 (0,7 —1], then

loce)t+6)- ()1 ||
<[ lltse+0-0)-Se-0)g(@) || dz
+["lsero-0)g@) ||dz
= [,(0)+1,(0).
It is easy to see that 7,(r) >0 as 8 >0

prove that

uniformly in g € D. Regarding to /,(¢),
we observe that
[5G +0-2)-S1-01g@ ||
I, 05~z +vO)g(@)av |

<0 ||s‘c-7+v)|| g(x)av

I lg@|lav ||dV
O f—7+v0 "’
thanks to the mean value formula and

Lemma 2.2(d). So
[(S¢+0-2)-S-0)le@ |
lell. 1n(1+iJ
-7
9/3
p-7)"’
here ||g||.= sup || g(® ||, and using the
1€[0,T]

(2.16)

I gll, =——.8<.1,

B

inequality  In(14+7r)< % for any

r>0,8<(0,1). Employing (2.16), we

obtain
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lgll. 0" i az
I()< ; J'O o7

llell. o
pA-P)
Finally, for 8 € (0,T], we have

| 0(2)©) - 0(2)O) |
<['ls@-0)g@)]|ar
S@”g”w—>0as 60— 0,

"7 0 as & — 0 uniformly in g € D.

uniformly in g € D. Therefore, Q(D) is
equicontinuous. We have the conclusion
due to the Arzel a-Ascoli theorem.

Concerning the nonlinearity function
f, we can refer to f as a map from

R* x C([~h,0]; L} (QQ)) into L*(Q). Based
on the operators S(¢z), we introduce the
following definition of solutions to (1.1)
—(1.3) as follows
Definition 2.1. 4 function
ueC([~h,T];*(Q)) is said to be a
mild solution to (1.1) —(1.3) on [-h,T] iff
u(t)=@(t) for t €[—h,0] and
u(t)=S)p(0)+ J-Ot S(t-0)f(0,u,)do
forze[0,T].
3. EXISTENCE RESULTS
Let C, = C([-h,0]; L’ (Q)) . Then C, is a

Banach space endowed with the norm

) |-

For u e C([O,T];LZ(Q)) and peC,, we
denote the function u[¢] by

_[u)itr=o,
“AelD=1 00y it —n<i<o.
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Let
C, ={u e C([0,T1;L*(€)):u(0) = p(0)},

2(w)(0) = S(p(0)+ [ S(t—0)£(0,ul],)d0,
ue C(p,t >0.

Then u is a fixed point of X iff u[¢] is a

mild solution of (1.1) — (1.3). So we refer
to X as the solution operator. In the

sequel, we use ||||w for the supremum

norm in the space C(J;L*(Q)), where
J c R is a compact interval.

In the following theorem, we show a
result on global existence, without the
smallness condition on initial data as well
as on coefficients.

Theorem 3.1. Let [ be continuous and

satisfy the sub-linear condition
el a@+x|[wll,.
Vt>20,we(C,

3.1)

(RY)
negative function, Kk is non-negative
numbers. Then the problem (1.1)- (1.3)

has at least one mild solution.
Proof. Let us divide the proof into 2

1 .
ael is a non-

loc

where

steps.
First, We look for a convex set
McC, such that X(M)c M. By the

formulation of X, we have
12O <5¢.2) || 00|
+[ st-0.2)(a(@)+x||ulg], |, )40

<st2) [l ||+ s:-6,2)a(0)d0
+j;s<r—e,ﬂq)(rcll¢llch +K?;1£||u(§)||jd9
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te[0,7],
thanks to the fact that
NN sup || l(s+0)||
+ sup v |-
pel0,s]

Then, in view of Proposition 2.1(1), we
get

| Z@)@) |l st 2) || (0) || +(sC, 4) * )(2)
sxlloll, [ s@-0,2)d0

+KI;s(t—0,ﬂ1) sup ||u()||do
£€[0,0]

< (1+ KJ.IS(H,/%)dQ) o ”c,,
+ sup (s(-, 4) *a)(?)

t[0,7]

+Kj0s(r—9,z1) sup ||u(&)|| 46,
£€[0,0]

te[0,T].

Let

M, (1+Kts%g<1*s< A))(t)j”cﬂuch
 Sup () *)(0) |

Since the function 6+ sup||u(&)|| is
[0.6]

non-decreasing, the last integral is non-
decreasing in ¢, thanks to the positivity
of s(-,4,) . Thus we get

sup || Z(@)(&) || M,

cel01]

t (3.2)
+KIOS(1—9,%)§SEI;]||U(§)||d6’-

Let weC([0,T];R") be the unique

solution of the integral equation

w(t) = M, + K'[;S(t ~0,2)w(0)d0,t <[0,T].



We define the set
M={ueC,: sup || u(&) ||S w(t),Vt €[0,T1]}.
]

Eel0,1
Clearly, M is a closed convex set. Then
inequality (3.2) ensures that Z(M)c M.

Second, to apply Schauder fixed point
theorem to the solution operator X. We

construct a compact and convex set M,
such that (M")c M". Recall that the
map O, : C([0,T]; L (Q)) = L' ()
defined by QO (g)=(S*g)(t) is compact
for each 7 €[0;7], we see that
Z(M)(@) = S(D)p(0) + O, (N, (M),

is a relatively compact set in L*(Q), here
N (M)={f(,y(=0)):ye M}, which
is bounded. Due to the compactness of
operator Q started in Lemma 2.3 we get

that £(M) is relatively compact.
Let M =coZ(M), then M is a

compact and convex set. In addition,

observing that M < M, one gets
SMH)cZ(M)c M™.  Applying the
Schauder theorem for ¥ : M" — M, we
have the desired conclusion on
solvability.
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