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ON THE POLYCONVULUTION WITH THE WEIGHT FUNCTION
7(y)=sin y OF HARTLEY INTEGRAL TRANFORMS #,, H,, H,

AND INTEGRAL EQUATION
DA CHAP VOI HAM TRONG y(y) =sin y CUA CAC PHEP BIEN POI
HARTLEY H,, H,, H, VA PHUONG TRINH TiCH PHAN
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ASBSTRACT: In this article, we introduce and investigate a new polyconvolution with
the weight function y(y) =siny of Hartley integral transforms H,, H,, H,. Several algebraic
properties and appbications of this polyconvolution to solving a class of integral equation
of Toeplitz plus hankel type and a class of systems of integral equations are presented.
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Hartley integral transforms.

TOM TAT: Trong bai bdo nay, ching t6i gidi thiéu va nghién ciru mot da chdp méi véi
ham trong ¥ (v) = siny ciia cdc phép bién doi tich phdan Hartley H,, H,, H,. Mt 56 tinh chat
dai s6 va iing dung ciia da tich chdp nay dé giai mét loai phwong trinh tich phdn ciia kiéu
Toeplitz cong voi hankel va hé phuong trinh tich phdn dwoc trinh bay.

Tir khéa: Phuwong trinh tich phén, tich chdp, tich chdp suy rong, da chdp, phép bién doi

tichphan Hartley.
1. INTRODUCTION

The notion of polyconvolution was
first proposed by Kakichev in 1997 [7].
definition, the
polyconvolution for n+1 arbitrary integral
K.K.,K,,.,K, with the
weight function y(y) of functions f,, f,
f,  satisfies  the

factorization
KL for s )| 0 =
YO E D)) ) K ) ().

In recent time, there were some

According to this

transforms

following

property

Py ceey

polyconvolution [11, 12] related to the
Hartley integral transforms and some
differential integral transforms. At the
same  time, there  were some
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polyconvolutions [8, 9] only related to the
Hartley integral transforms.

In this article,
construct and investigate the new
polyconvolution with the weight function
7(y)=siny related to Hartley integral
transforms H,,H,, H,. We will apply this

we expand to

new polyconvolution to solving some no-
standard integral equations and systems of
integral equation. We realize that for such
integral equations, a representation of their
solutions in a closed form is interesting

and open problem [6].

In this section, we recall some
known convolutions, generalized
convolutions.

The Hartley integral transforms H |,

H, were introduced in [3]



(Hf){;}(x) =
\/%fj;o f(x)cas(£xy)dy,x € R
Here cas(+6)=cosf £sinf.

The convolution for the Hartley
integral [4, 5].
(F,9)00) = 7= [0, Falg (x +
w+glx—u)+gu—x)—g(=x-
w)]du (1.1)
Satisfies the factorization property

H(f 7 8)y)=H [)»)* (H,g)(»).(1.2)

The generalized convolution for the

Hartley integral transform [2]

ity i, 9) @) = 7= [ [f e+ ) +

fe=y) = f(=x+y)+ f(—x -
N1g(dy,(1.3)
satisfies the factorization property

H(f, ¥ &) =HOH ). (1.4)

2. POLYCONVOLUTION WITH THE
WEIGHT FUNCTION y(y)=siny
FOR  HARTLEY  INTEGRAL
TRANSFORMS H,,H,,H,

Definition 2.1. The polyconvolution
with the weight function y(y)=siny for

Hartley integral transforms H,H,,H, of

the functions f, g and / is defined as
follow

Lt am|@=— 2 [ f(—x—v -
w—1—-f(—=x+v+w-1D+f(—x+v+
w+l+f(—x—-v—-—w+D+flx—v+w-—
D-fx+v—-w-1)—-fx—-v—-w+1)+
fxc+v—w+ 1D]gw)h(w)dvdw.

(2.1)

Theorem 2.2. Letf, gand h € L(R).
Then the polyconvolution with the weight
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function y(y)=siny (2.1) for the Hartley
H,H, ,H, of the
f,g,h € L(R). and the
factorization identity holds

H[L(f.9.m| ) =
sin(y) (Hif)(¥)(H9) () (H1f),Vy €
R (2.2)

Proof. First of all, we prove that
[z:(f, 9, h)] (x) € L(R) Indeed, we have

estimation

(o2}

f y(f, g, b)ldx

—00

integral transforms

functions

<5 | lg@ias fm iniaw [ [if¢-x =

—w—-D|+|f(—x+v+w-—-1)|
+lf(—x+v+w+ 1+ |f(-—x—v—-—w+ 1)
+lfx—v+w—-D|+|fx+v—w—-1)|
+|f(—x—v+w+1)|
+|f(x+v—w+ 1)|]dx.

It is easy to see that

f Y (f, g, h)ldx

) = f_?g(v)uv fw rorl an(—x v

—w—-D|+|f(—x+v+w-1)]
+lf(—x+v+w+1|+|f(—x —v—-w+1)|
+|fxc—v+w-D|+|fx+v—-—w—-1)|
+f(—x—v+w+1)|

[oe]

+|fx+v—w+1)|]ldx =8 flf(t)ldt.

—00

For this reason, we obtain

[oe]

[ 1t.ameax

—0o0

1 oo bt (o)
<= | lowiav [imoniaw [ il

< o0,
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So, [Z(f, g, h)] (x) € L(R). Now
we prove the factorization identity (2.2).

Since

siny(Hyf) () (Hz9) (y) (H ) (y)
1

- 2mV2m
and using the trigonometric identity,

we get

siny cas(yu)cas(—yv)cas(yw)
= %[—casy(u —v—w-—1)
—casy(—u+v+w-—1)
+ casy(—u+v+w+1
+casy(—u—v—-w+1
+casy(u+v—-—w+1
—casy(u—v+w+1)
—casy(u+v—-—w-—1)
+ casy(—u+v+w+1]

That

siny(Hyf) () (H9) (y)(H ) (y)

=8ml/ﬁf_oof_mf_m[—casy(u—v—w
_1)
—casy(—u+v+w-—1)
+casy(—u+v+w+1
+casy(—u—v—-—w+1

+casylu+v—-w+1
—casy((u—v+w+1)
—casy(lu+v—-—w-—1)
+casy(u—v+w
—1]f(w)g(v)h(w)dudvdw

_ Sn% f_ O:o f_ o; f_ o:o—cas(yt) [ f(-t
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fw fw fmsin(y) cas(yu)cas(—yv)cas(yw)(fu) g(w)h(w)dudvdw

—v—w-—1)
—f(-t+v+w-—-1)
+f(-t+v+w+1)
+f(-t—-v—-w+1)
+ft—-v+w+1)
—ft+v-w-—-1)
—ft—-v+w+1)
+f(t+v—w

+ 1)]g(w)h(w)dtdvdw.

-, (£, 9.0 ). ¥y e R
Theorem 2.2 is proved.

Lemma 2.3. In the space L(R) the
polyconvolution (2.1) has following
equality

[F(f, 8 M1(x) =[(h, g, [)I(x).

Proof. Indeed, from Theorem 2.2,
we get

U@
= sin(y) (H1/)(y)(H,9) () (H1h) (y)
= siny (H1h)(y)(Hz9) () (H1 /) (¥)
=H['(f.9,m)] 3, vyeR

implies that

[/, g M](x) =[2(h,g, /)](x).

In the sequel, we define the norm in
the space L(R) as follow

Il=— [ 1/ es.
3/% o

Theorem 2.4. If f, g and h belong
to L(R), then the following inequality
holds

g <] £ el

Proof. From the proof of Theorem
2.2, we obtain:



dx

—00

<o | rwla flg(v)ldv [ oo

‘v—f If(t)ldti/_ f ) ldv— f Ihw)ldw.

So [/ (f,g,h)lS”f”.”g”.”h”. The
proof is completed.

Theorem 2.4. Let g € L,(R), h €
Ly(R),and f € L,(R) suchthat p,q,r >1
and l+l+l =2. Then the following

P q r
inequality holds

h)|

”g”L (R)”h”L (R)”gllzp(]R)
Proof From (2.1), we have the
following estimation

L9 W@)| <
—f f WSINNPWI|f(—x —v —
w — 1) |dvdw +
—f I 1g@INAWIIf(—x + v +
w — 1|dvdw +

L I lg@IRMWIIf(—x + v +

w + 1|dvdw +

LI I g f(—x — v —

w + 1|dvdw +

L7 I 1g@INRWIIf(x — v +w —
1|dvdw +

L7 I 1g@INRWIIf (e +v —w —
1|dvdw +

L7 I Ng@IRWIIf(x — v +w +
1|dvdw +
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gf_ I 1g@IRMWIIf(x + v —w +
1|dvdw. (2.3)
Let 11’12"",]7 and ]8 be the

corresponding integral terms in the above
expression. Without loss of generality we
consider

—n_f _f lgW)|. IR W) If(—x — v

—w —1)|dvdw,x € R.
Let  p.,q,r, be  conjugate
exponential of p, ¢, r and
By (u,v) = [h(W)|"P1|f (—x —v —w
— D["/Pr € Ly, (R?)
B,(wv) = |f(=x—v—-w

— Dpa]g ()P

Lpl(Rz)
B3(u,v) = |g(w)|?/Px|h(w)|"/P1)
€ L, (R?)
We see that
By.By.B; = [g)|. [h(W)|.If (—x — v
—w—1)]

Using the definition of the norm on
the space Lpl(]RZ) along with the help of

the Fubini theorem, we get

IBAE oy = [ [ [Jhem ™o

(—x
-V —WwW
e P1
—1] /pl] dvdw
- f Ihw)L 1LFIImdw
o = IRNZ. ey 1 e

Similarly, we have

1BNE oy = UL, oy NN oy
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T _ P q
B3I gy = IFGIE - RN,
(2.4)

From the hypothesis e + 1 + 1 =2,
p q r
: I 1 1 .
it follows that —+—+—=1. Using
b 4 K

Holder inequality and (2.4), we have
following estimation:

1 o o
11 =§ J- fBl'BZ'B3dvdW

—00 —00

1
1 2 [ee) a 0 (o]
Sg(ff Blpldvdw> <ff quldvdw>

1
(S 7 Bytdvdw)mi=
B P1 B q1 B T1 —
BT BT IBsIE

r2)
1 P1 q1 51
8m ”g”Lm(p)' ”h”qu(q)' ”f”Lm(r)

In the same way, we have the

1

= |
81

following estimations for /7,,7,,---, [

s L7
and /:

1
_ P1 q1 1
e < - llg?: RN I
2.5
for all £=2,3,---,8. Furthermore
(2.3)-(2.5), we get

1
14 p q
*(f! gl h)” S T ”g”Lp(p)' ”h”Lq(q). ”f”zr(r)

Theorem 2.5. (Titchmarch - type

Theorem)
Let f,g,heL(R). If Vxe
R, [K( f, 9, h)](x) =0, then either

f(x)=0,0r g(x)=0,0rh(x) =0,Vx €
R.

Proof. The
[(fg,mM(x)=0,

H[X(f,.9.W](») = 0,vy € R
Due to Theorem (2.2), we get

hypothesis

implies that
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a1

siny(H,f)(v)(H29) (v) (H1h) (y)
=0,vyeR

As  (H /) (»),(H,g)(y),(H h)(y)
are analytic Vy € R (2.6) implies that
Vy eR (Hif) =0,Vy €R or (Hy,g) =
O,VvyeR or (H;h)=0,VyeR. 1t
follows that either f(x) =0,Vx € R,
org(x) =0,vx €R, or h(x) =0,Vx €
R.
3. APPLICATION TO SOLVING AN

INTEGRAL EQUATION AND
SYSTEM OF POLYCONVUTION
TYPE

3.1 A single integral equation

In this subsection we apply the
obtained result in solving an integral
equation of polyconvolution type. To deal
with this equation, we prove the existence
of a solution as well as express it in closed
form. We examine the following integral
equation. 1

fC) + o J o f (= v —w—
1) —f(—x+v+w—-1)+ f(—x+v+w+
1+f(~x—-v-w+D)+f(x—v+w-—
D)-fx+v-w-1)—-fx-v-w+1) +
flx+v—-w+1)]g(v)h(w)dvdw =
k(x),xe R (3.1)

Here g, f, and k are functions of
L(R), f is an unknown function.

Theorem 3.1. Letk, g, h € L(R). be
given. Equation (3.1) has a unique solution
in L(R) if 1 + siny(H,g)(¥) (Hih) (¥) #
0,Vy € R. The solution of f(x) is defined
by: f(x) = k(x) — (kp, D(x). Here L €
L(R) and it is determined by:

(D) = SYULWH)
1+sin y(H,g)(y)(H, h)(y)




The equation (3.1) can be rewritten
in the form

S+, g MI(x) =k(x)
Due to Theorem (2.2), we have
(H1f) ()
+ sin(H, ) (y)(H29) () (H ) (y)
= Hk)(y),y €ER
(H:f) ()
+[1 + siny(H,9) () (Hih) ()]
= (Hik)(y),y €R
With the condition 1+

siny(Hg)(y)(Hih)(y) # 0,y € R, we get

sin y(H,g)(y)(H h)(y)

H 1)) = (H]k)(y){l—

Therefore, by  Wierner-Levy's
theorem ([ 1, 8]), there exists a function [ €
L(R) such that

(1)) = STYELDWH)
1+sin y(H,g)(y)(H,h)(y)

Hence
(Hi ) () = (Hk)(y) — [1 = (HD ()]

= (Hik)(»)
— Hy(ky, D(x) € L(R).
Thus, f(x) =k(x)— (ky, D(x) €
L(R).
3.2 A system of two integral
equations of polyconvolution type
Now we consider the following
system

F@) 4 I o Cx = v —w -
)-—gl-x+v+w-1)+g(-x+v+w+
1+g(—x—v-w+1D)+glx—v+w-
1)—g(x+v—w—1)—g(x—v+w+1)+
gx+v—-w+ D]p(w)ew)dvdw =
hG) = [ F@)p(x +v) + p(x = v) +

L+sin y(H,g)(y)(H h)(») |
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p(=x +v) = p(=x = v)]d(v) + g(v) =
k(x),x € R(3.2)

Here ¢,w,p,h, and k are given
functions inL(R), f and g are the
unknown functions.

Theorem 3.2. Under the condition
1-H, [ZP’ o, 1/)] (y) #0,Vy € R, there
exists a unique solution in L(R) of (3.2)
which is defined by

S @) =h(0)+ (h 2 D)~ k9. 9))(0) - (K. 0 Y1, (%)
g(0) =k(x)+(k »D)(x)=(h * p)(x) =[(h  p) *1]().

Here [ € L(R) and defined by

(Hll)(y) _ H1[:(7Pafp>l//)](}’) .
1-H\[:(p,0,v)](¥)

Proof. System (3.2) can be written in

the form

{ FG) + %9, ¢, 9] (x) = h(x)
(fi.p) () + g(x) = k(x),x €R

Using the factorization property of
the polyconvolution (1.1) and the
convolution (2.1) we get the linear system
of algebraic equations with respectively to

(H,f)(y) and (H,g)(»):
{(Hlf)(y) + siny(H ) ). (H0) ) (H ) (v) = (H R) (y)
(H )y (Hip)(y) + (H9)(y) = (Hik)(y),y €ER

We calculate the determinants of the
system

_‘ 1 sin y(H,0)(y)(Hw)(»)
C|(Hp) () 1
=1—sin y(H, p)(»)(H,p)(V)(Hy)(»)
=1-H,[(p,o.¥)]I»),
A, = (Hih)(y) siny(Hy) () (H1$)(y)
(Hik)(y) 1
= (K1) - K[k, 0. 0] ),
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b=y b RO
(Hip)(y)  (Hik)(y)

= (Hik)(y)

- H1(h;11p)(Y)-

Sincel — Hy [ (p, 0, )| () #
0,Vy € R, we have

(H, 1)) ={(H ()~ B[ Uﬂwﬂ](”}m

={(thxy)—Hl[r<k,w,w)](y>}{1+M}

1=H,[(p.0.))(»)

Furthermore, according to Wiener-
Levy's theorem ([1, 10]), there exists a
function [ € L(R) such that

_ H(p,e.v)I(»)
D) = o))
It follows that

H ) = {(H ) ()

- H[l(k o, )|} (1

+ (H D)}

= (H() + H1(h1*qll)(y)

— Hq[5k, 0, )] )

— Hi{[¥(k, 0, )" HA ).

So,
fx) = h(x) + (hy, ) (x)
— %k, @, )] (x)
—{[k, @, )] H11}(x)
€ L(R).
In the same way, we get
(Hg) ) = {(H) )
— H;(hi,p) )} {1
+ (H D)}
= (Hik)(y)
— Hy (kp, D)
— Hy[(hi,p) 1] ).
It follows that

118

g(x) = k(x) + (kip, 1) () = (hy,p) ()
— [(h,P) ;1] () € L(R).
4. CONCLUSIONS

In this paper, we presented the new
polyconvolution with the weight function
of three functions y(y)=siny of Hartley

integral transforms H,, H,, H, and

proved several algebraic properties of the
polyconvolution. Some norm inequalities
for this polyconvolution operator in the
function spaces and are established. As a
result, a class of Toeplitz plus Hankel
integral equation and a system of integral
equations can be solved in a closed form.
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