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SOME APPLICATIONS OF LINEAR ALGEBRA IN IMAGE
PROCESSING AND STATISTICS

MOT SO UNG DUNG CUA BAI SO TUYEN TINH TRONG
XU LY ANH VA THONG KE
Nguyén Thi Phuong Dung
Hoc vién Ngan Hang
ABSTRACT: Describe in detail the principal component analysis method (PCA).
This method is a very effective application of mathematics in data science - specifically in

data dimensionality reduction. In this article, the method has been applied to solve some
specific problems in order to gain a deeper understanding of PCA method.

Key word: Data dimensionality reduction, eigenvalue, private vector.

TOM TAT: Bai viét mé ta chi tiét phirong phdp phdén tich thanh phan chinh (PCA).
PCA la phirong phdp todn hoc ¢é g dung rat hiéu qud trong khong khoa hoc dit liéu - ddc
biét la trong phirong phdp giam chiéu dit liéu. Trong bai bdo nay, chiing téi diea ra mot sé vi
du cu thé, vmg dung phirong phdp PCA trong giam chiéu dit liéu, dong thoi mé ta mot cdch

twong minh phwong phap nay théng qua bai todn cu thé.

Tirkhod: Giam chiéu dir liéu, gid tririéng, vecto riéng.

1. GIOI THIEU

Cac cong ngh¢ xur ly hinh anh khac
nhau da cach mang hoa viéc chup anh,
luu trir hoac truy xuat mot hinh anh cu thé
tr mot nguén nhét dinh. Céc tac vu xu ly
hinh anh duoc st dung phd bién nhit bao
gém: khoi phuc hinh anh; phan doan hinh
anh; nang cao chét lugng hinh anh; khi
mo; khir nhidu... Nhirng hinh anh nhu
vy dugc xu 1y chit luong tét 1én bang
nhiéu cach khac nhau bing mét sé ky
thuat hinh anh nhu chup MRI (chup cong
huong tir), chup cat 16p. Trén thuc té,
cong cu dac luc nhat dé xur ly chat luong
hinh &nh mot cach tot nhat chinh 1a dya
vao cong cu then chét - Ung dung cua
Toan hoc. Toan hoc dong mot vai tro
quan trong trong cac tac vu xu ly hinh
anh khac nhau. Bat chip sy d6i méi va
tién bo nhanh chéng trong cic cong nghé

hinh anh khic nhau, mét diéu van quan
trong xuyén sudt, d6 1a st dung Toan hoc.
Nguoi ta quan sat thdy rang xu ly hinh
anh c6 mobi quan hé vo cing chat ché voi
Toén hoc. Nhiéu phuong phap xtr 1y anh
dua trén cac k¥ thuat toan hoc co ban vé
can bang biéu dd, xac suit va thong ke,
tich phan, ma tran va dic biét 1a rat nhiéu
tmg dung cua linh vuc Pai sb tuyén tinh
duoc su dung.

Phuong phép phén tich thanh phan
chinh 1a mot thudt toan st dung cac
nguyén 1y toan hoc phuc tap dé bién do6i
mot diy sb co tuong quan voi nhau thanh
mot ddy c6 s6 bién nho hon - diy d6 duoc
goi 1a cic thanh phan chinh. Trong
phuong phap PCA, thong tin chua trong
mot tap hop dir licu, dugc luu trir voi kich
thudc giam dan dua trén phép chiéu cua
tap dir li€u lén mot khong gian con dugc
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tao boi mot co sd truc giao. Viée tinh
toan phai dam béao sao cho cac diac diém
quan trong cua dir liéu phai dugc gitr lai
va sb thong tin bi mét phai it va 1a phan
khong quan trong cua dir li¢u. Viéc gidm
chiéu dir liéu nhu vy 1a mot loi thé trong
mdt sb linh vuc nhu nén anh, biéu dién
dir liéu. N6 con dugc su dung rong rai
trong viéc trich xuat dic trung, hop nhat
anh, nén anh, phan doan anh, dang ky
anh, kht nhiéu ... [1].

Phuong phap phan tich thanh phan
chinh PCA bao gbém céc budc co ban sau
day:

- Thu thap (chuén bi) dir lidu, chuin
hoa dir liéu.

- Tinh toan ma tran hiép phuong sai
cta dit liéu ban dau.

- Tim céc thanh phan chinh cia dir
liéu thong qua tim cac gia tri riéng va cac
vecto riéng cua ma tran hi¢p phuong sai.

- Chon sb luong thanh phan chinh
thich hop dé gitr lai nhim muc dich gitr lai
dang ké cac thong tin cia dit liéu ban dau.

- Bién d6i dir liéu ban dau sang
khong gian mdi dugc tao nén boi cac
thanh phan chinh ma ta giit lai.

Bai viét nay néu chi tiét phuong
phap - thuét toan phan tich thanh phan
chinh (PCA) trong xir ly anh, dong thoi
s€ trinh bay cong cu va k¥ thuit toan
hoc co ban ma ta s€ dung trong phuong
phap PCA.

2. THUAT TOAN PHAN TiCH THANH
PHAN CHINH

Xuéat phat tir mdi birc anh trén thuc
té duoc mo ta boi hang tridu diém (pixel),
mdi diém anh 12 bo gom 3 toa do md ta
mat d6 mau (Red, blue, Green). Vi vay,
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néu dem xir ly bang thuit toan trén ma
tran, thi ta c6 ma tran co6 kich thudc qua
16n, gy kho khan cho viéc xur ly anh.
Muyc ti€u, giam chiédu ma tran bﬁng
phuong phéap PCA. Trudc hét, ta can c6
mot s6 khai niém sau day:

¢ Trung binh va Hi¢p phuong sai:

Cho [Xi, X2,...,XN] la ma tran cép
p*N cua cac quan sat, ma tran trung binh
dugc dinh nghia nhu sau:

N
1 —
M = NZXL,XR = Xk_ M.
i=1

Khi do, ta dugc ma tran cép p*N:
B = [X.,X5,...,Xy] . B c6 ma tran trung
binh l1a ma trdn 0. B dugc goi 1a ma tran
dang d¢ 1éch trung binh.

Ma tran hi¢p phuong sai, dugc dinh
nghia: S = ﬁB.BT, voi BT 1a ma tran
chuyén vi ctia ma tran B. D& dang ching
minh duoc S 14 ma trdn dbi ximg.

Trén quan diém cia x4c suit ta coi
X = [x1, X2, ..., XN], trong d6 cac x; la cac
bién ngiu nhién nhén cac gia tri trén tap
cac toa dg thwr i cua cac vecto quan sat X;.
Khi d6, ta ky hiéu sj; = var (xi). Tong var
cua dir liéu la:

Total var = trace (S) 1a téng cac
phan tir trén dudng chéo chinh cua S.

Ky hiéu Sjj := cov (xi, Xj) 1a hiép
phuong sai cua x; va x;j, dugc hiéu bang
do mdi twong quan gitra ching.

Tiép theo, chung toi s& trinh bay
thuat toan PCA va irng dung cua né trong
phuong phap giam chiéu di liéu.

e Thuat toan PCA

Gia su ta cd tap cac vecto quan sat
cdu thanh ma tran [Xi1, X2,...,XN], cép
p*N, muc tiéu tim mdt ma tran truc giao



P =[ui, uy, ...,up], sao cho
X1 Y1
X2 V2
| = Uz, upl
Xp Yp

Véi tinh chat cac cov (yi, yj)) = 0 va
chung duogc sip xép theo thir tu phuong
sai giam dan. D& thdy ma trdn hiép
phuong sai cta [Yi, Ya,...,Yn] 12 PTSP
ma PSP lai 1a ma tran chéo hoa duoc.
Nén ton tai ma tran duong chéo D dé
PTSP = D. Céc vecto riéng (don vi) ciia S
dugc goi 1a cac thanh phan chinh cua dir
liu. Thanh phan chinh thir nhat 1a vecto
riéng (mg voi gia tri riéng 16n nhét.

Thanh phan chinh u; tht nhat xac
dinh vecto yi theo cach sau ddy: néuu; =
[c1, €2,...,¢p], u1” 12 hang dAu tién cia ma
tran PT, khi d6:

yi=u'X=cixi+cx2+ ... +¢p Xp.

e Ung dung ctia phuong phap PCA
trong giam chiéu dir liéu

PCA 14 phuong phép c6 gié tri tiém
nang trong hau hét cac tap dir lidu 16n voi
muc tiéu giam tir dir liéu co chiéu 16n vé
tap dir liéu c6 chidu nhé hon nhung van
gan nhu 13 gitr lai hdu hét cac ndi dung
ban chét clia tap hop dit lidu ban dau.

Tur cach xay dung ma tran Y, ta c6
Toéng cac phuong sai (varian) cta x; =
Tong cac phuong sai cia y; = trace (D)

P oA

i=1

Aj
trace (S)

Trong do var(yj) = 4;, voi
1a phan tram giai thich dir liéu ban dau
qua thanh phén yj.

Dé don gian hod dit liéu, ta thuong
tinh toan ma tran hiép phuong sai cta hau
hét cac vecto quan sat ban dau (ma tran
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toa do quang phd ctia birc anh c6 téi hang
tri¢u pixel), dua t61 mot ma tran cép 3*N.
Diéu nay 1am don gian cho viéc tinh toan
cia chung ta, gitp nguodi doc dé dang
hiéu va tiép can phuong phap. [2]

Duéi ddy, ching t6i dua ra mot s6
vi du dé minh hoa phuong phap PCA.

Vi du mé ta chi tiét phuong phap
phan tich thanh phan chinh:
Mot hinh anh vé tinh véi 3 thanh phan
quang phd (red, blue, green) dugc cung
cap boi can cir khong quan Homestead &
Florida. Ma trén hi¢p phuong sai ciia hinh
anh do6 duoc cho sau day:

164.12 32.73 81.04
S =132.73 539.44 249.13|.
81.04 249.13 189.11

Hay tim thanh phan chinh mé ta
hau hét dit ligu cua birc anh?

e Budce 1: Tim gid tri riéng cia ma
tran hi¢p phuong sai det (A —Alz3 ) = 0.

A, = 677.4971
det (A —A3)=0 < {4, = 1815811
A; = 33.5918.

+ Vecto riéng Gng voi cac gia tri
riéng 16n nhét 1a:
Ui(x,y,z) 1a vector riéng Gmg véi gia
tri riéng A4
Au, = Lu, <
164.12x+32.73y +81.04 z=677.4971x
32.73x+539.44y +249.13y =677.4971y
81.04x +249.13,,+189.11z=677.4971z
H¢ c6 nghiém (x,y,z) = t(0.277; 1.8702;1)
v&i moi s thue t khac 0.
e BuGc 2: Tim phan trdim 16n nhét
biéu dién anh:
Phén trdm biéu dién 4nh 16n nhét 1a
A 677.4971
trace(S)  892.67

= 75.8956%.
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Vay, khong gian vecto con sinh bdi
vecto riéng tng véi gia tri riéng thir nhét
giit lai duoc gan 75.89% ndi dung chinh
cua birc anh sau khi dung phuong phap
phan tich thanh phan chinh PCA.

Ta xét tiép mot vi du thir 2:

Giad sur ta ¢c6 ma tran hi¢p phuong
sai ctia birc anh ban dau nhu sau:

2382.78 2611.84 2136.20
S = 1261184 3106.47 2533.90(-
2136.20 2553.90 2650.71

Hay tim céc thanh phan chinh cia
S, hiy dua ra bién méi xac dinh boi thanh
phan chinh thir nhét?

- Bude 1: Xéc dinh céac gia tri riéng
cia ma tran hiép phuong sai trén bang
cach giai hé phuong trinh:

det S - 1) = 0 & A4 =
7614.23; A, = 427.63, 1, = 98.10.

- Budc 2: sap xép cac gia tri riéng
theo thir ty gia tri giam dén.

- Budc 3: Tim céc vecto riéng Uung
vGi cac gia tri riéng trén, bang cach giai
ddng thoi 3 hé phuong trinh:

S.vi = 4vy; Sva = A,vy; Sivs =
A3v5.

Giai 3 hé phuong trinh trén, ta thu
dugc

0.5417 ~0.4894 0.6834
v, =[06295|; v,=|-0.3026|; v, =[-0.7157|-
0.5570 0.81790 0.1441

Viy bién méi, xac dinh boi thanh

phan chinh thir nhét 1a:
Y1=0.54x;+0.63 x2+0.56 x3.

Qua vi du trén ta théy, tor dir liéu
ban dau cua buc anh, néu mo ta dir lidu
dudi dang ma tran, thi ma tran do c6 kich
thudc vo cung 16n va dé xir ly duge nod
that khong dé dang, nhung ching ta dung
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phuong phap PCA, thi dit liéu ban dau
chi can tap trung vao thanh phan chinh
thir nhit ctia ma tran Hiép phuong sai c6
chiéu thdp da mo ta dwoc dit liéu ban dau.
3. KET LUAN

Giam chiéu dir liéu 1a mét trong
nhiing k¥ thuat quan trong cua machine
learning. Céc vecto dic trung cta dir liéu
trong cac bai toan thuc té thuong co sb
chiéu rat 16n, ngoai ra con cé rat nhiéu cac
vecto ta can quan tdm khi nghién ciru dir
liéu. Néu thuc hién luu trit va tinh toan trén
céc dir liéu co s6 chiéu 16n nhu thé nay thi
thue su la rat kho khan véi thuét toan va
may tinh. Vi vay, nguoi ta dua ra phuong
phap PCA nhim muc dich giam chiéu dir
liéu ban du vé dir liéu ¢6 s6 chiéu nho hon
rat 1a nhiéu, diéu d6 gitp cho viéc luu trit
va tinh toan trén dit liéu mot cach dé dang
va hiéu qua hon nhiéu.

Cach don gian nhét dé giam chiéu dir
liéu tir D vé& K<D 1 chi giit lai K phan tur
quan trong nhat. Tuy nhién, viéc 1am nay
chic chin chua phai tot nhat vi ching ta
chua biét xac dinh thanh phan nao 13 quan
trong hon. Hoic trong truong hop xau nhat,
lugng thong tin ma mdi thanh phan mang 1a
nhu nhau, bo di thanh phan nao ciing dan
dén viéc mat mot luong thong tin 16n.

Tuy nhién, néu chung ta c6 thé biéu
dién cac vecto dir liéu ban dau trong mot
hé co s mdi ma trong hé co s méi do, tam
quan trong giita cac thanh phan 1a khac
nhau rd rét, thi chung ta c6 thé bo qua
nhirng thanh phan it quan trong nhét.

Phuong phap PCA gitip ta dua ra duoc
thanh phan di liéu quan trong nhét, né giir
lai hau hét thong tin cua dir liéu ban dau.
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