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THE CONVEX PROPERTIES OF MEAN VALUES
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TOM TAT: Trong bai bdo nay, chiing t6i sir dung cdc cong cu trong Iy thuyét thé vi dé chiing

minh tinh chat l6i va dwa ramét s6 danh gia cua cdc dai lwong trung binh ciia ham diéu hoa dudi.

Tir khéa: Ham diéu hod dudi, dai luvong trung binh, ham 16i.

ABSTRACT: In this note, we use some tools in the potential theory to prove some convex
properties of mean values and to establish the relations between the mean values each other.
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1. GIOI THIEU

Gan day, trong cac bai bao [1,2,3],
cac tac gia di chung minh mot sb tinh
chat 16i cua cac dai luong trung binh roi
rac. Ngoai ra, viéc st dung ham 10i dé
ching minh mot s tinh chit cua cac dai
lugng trung binh v&i trong ro1 rac va dai
lugng trung binh cua cac ham kha tich
cling duoc dé& cap trong cac bai tip &
chuong 1 trong [8].

Muc tiéu chinh cua bai bdo nay la
sir dung cac cong cu trong ly thuyét thé vi
dé chirng minh tinh chat 16i va dua ra mot
s6 danh gia vé cac dai luong trung binh
(xem Dinh nghia 2.7) ctia ham diéu hoa
dudi (vé 16p ham diéu hoa dudi cé thé
xem chi tiét thém & cac tai liéu [4,5,6,7]).

Két qua chinh cta bai béo 1a Pinh
ly2.2,2.4,2.5.

Sau day, ta dua ra mot sd khai
niém va két qua chuén bi cho viéc chung
minh céac két qua chinh & muc 2. Cac noi
dung & muc nay dugc tham khao tir cac
tai ligu [4,5,6,7,8].

Pinh nghia 1.1. Cho X 1a mot khong gian
to p6. Ham u: X — [—o0, +0) duogc goi
12 ham nta lién tuc trén néu tap {x €
X:u(x) < a} la tdp mo trong X vGi moi
a € R

Pinh nghia 1.2. Cho U la mdt tap md
trong C. Ham u:U — [—o0,+00) duogc
goi 1a diéu hoa du6i néu né 13 ham nira
lién tyc trén trén X va thoa mén bat dang
thirc trung binh dudi dia phuong, tac la
véi moi w € U ton tai p > 0sao cho

1 (e .
u(w) < —.[ u(w+rett)dt, (O<r
21 ),

< p).

Céac két qua sau ddy cho ta cac
diéu kién du vé tinh diéu hoa dudi trén
tap mo trong mat phéng phuc C.

Pinh ly 1.3. Cho T 1a mot khong gian t6
p6 compact va U c C la mot tdp mo. Cho
ham v: U X T — [—o00, +00) thoa mén:

1) v 1a ham nura lién tuc trén trén U X T
ii) Him z +— v(z, t) diéu hoa dudi trén U
véimodit €T.
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Khi d6, ham u(z) = superv(z,t) la
ham diéu hoa duéi trén U.
Chirng minh:
Xem Dinh ly 2.6.1 trong [7].
Dinh ly 1.4. Cho (Q,u) la mot khong
gian do véi u(Q) < +oo va U < C la mot
tap mo. Cho ham v: U X Q = [—o0, 4+00)
thoa man:
1) v 1a ham ntra lién tuc trén trén U X (;
ii) Him z — v(z, ) diéu hoa dudi trén
U véi mdi w € Q;
i) Ham z+— sup,eqv(z, w) bi chian
trén dia phuong trén U.
Khi d6, ham u(z) = [, v(z, w)du(w) 1a
ham diéu hoa dudi trén U.
Chirng minh:
Xem Dinh ly 2.6.5 trong [7].
Pinh nghia 1.5. Mot ham thuc f(x) dugc
goi 1a 16i theo logx néu ham f(e*) 1a
ham 16i theo x.
Nhan xét 1.6. Gia su f(x) la mét ham
16i theo logx. Pat g(x) = f(e*). Khi do,
g(x) 1aham 16i va g(logx) = f(x).
Piat x = x17 %% v6imoi 0 < a < 1. Suy
ra
logx = (1 —a)logx, + alogx,.
Do g(x) 14 ham 1i nén ta co
g(logx) < (1 —a)g(logx,)
+ ag(logx,).

f&) <A —a)f(xy) + af (x2)
& flxi™ %4
SA-a)f(x) +af(xz)
(Va € [0,1]).
Pinh nghia 1.7. Cho u 1a mot ham diéu
hoa dudi trén dia A(0,p) va u % —oo.
Véi mbi s6 0 < r < p ta dinh nghia mot
s6 dai luong trung binh sau day:

M, () = Suplzl:ru(z):
1 (" (ret)
C (r)=—f u(rett)dt,
u 21 ),

Hay

1
B,(r) =—
u( ) n__rz A(O‘r)

udA,
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o do, dA la do0 do Lebesgue trén mat
phang phic C ~ R2.

Sau ddy, ta s& thiét 1ap mdi lién hé
gitta Cy(r) va By (r). Voi 0 <s <r < p,
ta co

1o
C,(s) = %f u(se't)de.
0

Nhén 2 vé cta dang thirc trén véi 2ms, roi
lay tich phan theo strs =0 déns =71 ta

duoc
2T

2nsCy(s) = sj u(se't)de

0
= 271] sC,(s)ds
0

r 2T
= f f su(se't)dtds
0o Jo

= r?B, (7).
Vay ta co

r

2
B,(r) = r—zf sC,(s)ds. (D
0

Pinh nghia 1.8. Ham v:A(0,p) —
[—00, +00] dugc goi 1a ham ban kinh néu
né thoa man v(z) = v(|z|),Vz € A0, p).

2. KET QUA NGHIEN CUU

B6 dé 2.1. Cho v:A(0,p) - [—oo, +0)
la ham ban kinh sao cho v Z —oo. Khi
d6, ham v 1a ham diéu hoa dudi trén
A(0, p) néu va chi néu v(r) 1a ham 16i
taing theo logr véi moi 0 <r <p va
lim,_ov(r) = v(0).

Chirng minh:

- Gia stir ham v(r) 1a 16i tang theo logr:
Ta ¢6 ham u(z) = log|z| 1a diéu hoa trén
A0, p) va ham ¢(t) = v(e®) 1a 10i tang
nén ap dung DPinh ly 3.2.18 trong [6] ta
suy ra ham ¢ o u 1a ham diéu hoa duéi
trén A(0,p). Va ta c6 thé kiém tra ring
v=g¢@ou trén A(0,p). Vay v la ham
didu hoa dudi trén A(0, p).

- Gia st v 1 ham diéu hoa dudi trén
A0, p):

+ Ta chung minh ham v(r) la ting trén



[0,p). That vy, lay 0 <1y <1, < p. Ap
dung nguyén 1y cuc dai ctia ham diéu hoa
dudi (Pinh ly 3.15 trong [4]) cho ham v
trén A(0,1,) ta co
v(r1) < supaaor)V = v(12).
+ Ta ching minh ham v thod man
lim,_ov(r) = v(0): That vay, do v la
ham tang trén [0, p) nén ta cod
liminf,_ov(r) = v(0).
Mat khac, béi tinh mra lién tuc trén cua
ham v ta suy ra
liminf,_ov(r) < v(0).
Vay, ta c6 liminf,_,v(r) = v(0).
+ Ta ching minh ham v 1a ham 16i theo
logr: Truéc hét, theo tinh kha tich dia
phuong ciia ham diéu hoa dudi (Ménh dé
1.13 trong [5]) ta c6 v(r) > —oo vdi moi
r > 0. Lay 12 € (0,p) VoI 1 <7y
Chon cac hing s a, b sao cho:
a + blogr; = v(r;) va a+ blogr,
= v(ry).

Ta cb6 ham v(z) — a —blog|z| la ham
didu hoa dudi trén A(0,p). Ap dung
nguyén 1y cuc dai cia ham diéu hoa dudi
cho ham d6 trén mién {z:1; < |z| < 1}
ta co
v(z) —a — blog|z|

< SUP|z|=r, hoiic |z]=r, [V(2)

—a — blog|z|].

Do v 1a ham ban kinh nén tur day ta suy ra
v(r) <a+blogr (rn<r<n).
bat logr = (1 —c¢)logr, + clogr, vé6i

moi0 <c<1. Tacd
v(r)<a+

blogr
(1 —-c)(a+ blogr,) + c(a + blogr,)
(1 —c)v(ry) + cv(ry).
Vay, v(r) 1a ham 15i theo logr.
Viy, B6 d¢ 2.1 dugc chiing minh.

Dua vao B6 dé 2.1 ta chimg minh
mot s6 tinh chit cua cac dai luong trung
binh ctia ham diéu hoa duéi sau day.
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Pinh 1y 2.2. Cho u 1a mot ham diéu hoa
dudi trén dia A(0,p) sao cho u # —oo.
Véimdi 0 < r < p, ta co cac két qua sau
day vé cac dai luong gia tri trung binh:

i) M, (r), Cy,(r), By(r) la cac ham tang va
16i theo logr;

i) My(r) = Cy(r) = By(r) = u(0) voi
moi 0 <r < p;

iii) lim,_ oM, (r) = lim,_,Cy(r) =
lim,_yB,(r) = u(0).
Chirng minh:

1) V6i0 <r < ptaco:
M, (r) =v(r) voi v(z)
= supte[o’z,r]u(zelt), (2)

C,(r)=v(r) voi v(z)
1 2T i d
% u(ze ) t, 3)
B,(r) = v(r) voi  v(z)

1 2w 1 ]
=—J ju(zse‘t)sdsdt. (4)
Ty Jo

Ap dung Pinh 1y 1.3 cho ham v(z,t) =
u(ze') trén (z,t) € A(0,p) X [0,27] ta
suy ra M, (r) 1a ham diéu hoa dudi trén
A(0,p). Ap dung Dinh 1y 1.4 cho ham
v(ze') trén (z,t) € A0, p) X [0,27] ta
suy ra C,(r) 12 ham diéu hoa dudi trén
A(0,p). Ap dung Dinh 1y 1.4 cho ham
v(z,t) = folu(zseit)sds trén  (z,t) €
A0, p) X [0,27] ta suy ra B, (r) la ham
diéu hoa dudi trén A(O, p)-

Mit khéc, ta co thé kiém tra ring
cac ham v xac dinh trong cac cong thuc
(2),(3),(4) la ham ban kinh, tic la
v(z) = v(|z|) v6i moi z € A(0,p). Vay
ap dung B dé 2.1 ta suy ra cac ham
M, (1), C,(r), B, (1) 1a cac ham 16i ting
theo logr.

1) V6imoi 0 <r < ptacod

1
C,(r) = E[ u(re')dt
0

1 21
< Ej; Sup|z|=ru(z)dt
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1 2T

=§ . Mu(T)dt

= M, (1).
Voimoi 0 <s <r < p,theoi)tacd
C,(r) = Cy(s) = limg_yv(s) = v(0)
= u(0).

Nhén céc vé cua diy bat dang thirc o trén
pe 2 i 1AL s A \
Vol —;, ro1 lay tich phan theo s tr s = 0
r
td1 s = r ta nhan duoc

2 27T
C,(r) = _zf C,(s)sds = u(0).
r=Jo

Hay twong duong voi C,(r) = B,(r) =
u(0). Vay, i) duoc chiing minh.
iii) Tir két qua cua ii), @& chimg minh iii)
ta chi can chi ra
limsup,_ oM, (r) < u(0).

Va diéu nay 1a hién nhién vi ham u la
ham ntra lién tuc trén trén A(O, p).
Vay Dinh ly 2.2 dugc ching minh.
B6 dé 2.3. Cho u:U - [0,+0) 1a mdt
ham trén tdp mé U trong C. Khi d6, ham
logu 13 ham diéu hoa duéi trén U néu va
chi néu ham u|e?| 1a ham diéu hoa dudi
trén U, voi moi da thirc mot bién phuc q.
Chirng minh:
- Gia str ham logu 1a diéu hoa dudi trén
U: Khi do, véi moi da thuce g, ta c6 ham
logu + Req 1a ham diéu hoa duéi trén U.
Ap dung Dinh 1y 1.1.30 trong [5] ta suy
ra ham sau

elogu+Req — ueReq — uleql
Ciing 1a ham diéu hoa dudi trén U.
- Gia st ham ule?| 1a diéu hoa du6i trén
U véi moi da thirc mot bién phirc g: Khi
d6, chon g = 0 ta suy ra ham 1a ham diéu
hoa dudi trén U va dac biét u la ham nia
lién tuc trén. Suy ra, ham logu ciing la
ham nta lién tuc trén. Dé ching minh
logu 1a ham diéu hoa dudi ta chi can chi
ra n6 thoa méan bit dang thtrc trung binh
duéi dia phuong. That vay, ldy A=
A(w,p) sao cho Ac U. Theo Ménh d&
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2.3.3 trong [7], ton tai day ham lién tuc
fn: 0A— R sao cho

fndlogu trén 0A khin — +co.
Theo Dinh ly Stone — Weierstrass, voi
mdi n > 1 ton tai da thic phuc g, sao
cho

1
0<Req,—fn< - trén 0A.

Tur day suy ra

limsup,_su(z) |e ~an(2) |
< efn(a)e_ReQn(a)
<1 (V6 € aA).
Do ham u|e™9| la di€u hoa dudi, nén ap
dung nguyén ly cuc dai (Pinh ly 3.15
trong [4]) ta suy ra u|e ™| < 1 trén A.
Tu day ta suy ra
logu(w) < Req,(w)
1 21

=) Req,(w

+ pe't)dt
1 e o1
— i -
< ”Jo fu(w + pe )dt+n.

Cho n —» +o0 va dp dung DPinh ly hoi tu
don diéu ta co

1
< —
logu(w) < an

0
Vay logu 1a ham diéu hoa dudi trén U.
Vay Bo dé 2.3 dugc chirng minh.

27T

logu(w + pe't)dt.

Pinh Iy 2.4. Néu ham logu 1a ham diéu
hoa dudi trén dia A(O,p) thi cdc ham
logM,,(r),logC,(r),logB,(r) 1a ham 16i
theo logr.
Chirng minh:
a) Ta chung minh ham logM,(r) 1a 16i
theo logr: Do ham logx 1a ham ting nén
ta c6 thé kiém tra ding thirc sau la ding
logM,(r) = Mlogu(r)‘ (0 <r<p).
Do ham logu la ham diéu hoa dudi nén
theo Dinh 1y 2.2 ta ¢c6 ham M,, g, (1) 1a
16i theo logr. Vay logM, (r) 1a 16i theo
logr.



b) Ta ching minh ham logC,(r) 1a 16i
theo logr: Theo cong thure (3) ta co:
2
logC,(r) = log (if u(reit)dt)
21 J,
= v(r),
0 do

21
v(z) = log (%f u(zeit)dt>.
0

Ta s& chig minh v 13 ham diéu hoa dudi
trén A0, p). That véy, lay da thic mot
bién phtc bat ky g, ta s€ chung minh
|e9®|e?@ 13 ham diéu hoa dudi trén
A(0,p). Tacod

019170 = L [ et uczetyae.
21 J,

Vi ham logu 1a diéu hoa dudi nén theo
B6 @& 2.3 ham |e?@|u(ze') ciing la
diéu hoa duéi véi moi t € [0,2m]. Tir do,
suy ra ham
1 2 q(2) it
o fo |e |u(ze )dt

cling 1a ham diéu hoa dudi. Vay, ham
|e1®]ev@ 1a diéu hoa dusi trén A(0, p).
Theo B6 d& 2.3, suy ra ham loge?® =
v(z) la diéu hoa dudi trén A(0, p).
Mit khac, tor dinh nghia ctia ham v ta cé
thé kiém tra rang v 1a ham ban kinh. Tur
day, ap dung B dé 2.1 ta suy ra v(r) la
ham 16i theo logr hay logC, (1) 1a ham
161 theo logr.
¢) Ta ching minh ham logB, (r) 1a 16i
theo logr: Theo cong thue (4) ta cé

logB,(r)

1 2w 1 ]
= log (—f f u(rse‘t)sdsdt>
Tlo Jo

=),

vOl1

2 1
v(z) = log (%f f u(zseit)sdsdt>.
o Jo
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Bing cach 1ap luan twong tu nhu truong
hop b) ta suy ham logB,(r) 1a 16i theo
logr.

Vay, Dinh ly 2.4 dugc ching minh.

Pinh 1y 2.5. Cho u 1a mot ham diéu hoa
duéi trén dia A(0,p) sao cho u £ —oo.
Khi dé ta co

B,(r) = C, (L

Ve
Chirng minh:
Theo cong thic (1) ta cé

2 T
B,(r) = r_zf C,(s)sds.
0

Theo Pinh 1y 2.2, ham C,(s) 1a 18i theo
logs. bat C,(s) = ¢(logs). Khi d9, ta
c6 @ 1a ham 16i. Ap dung Bét ddng thirc
Jensen (Pinh ly 1.7.3 trong [8]) ta co:

B.(r) = = [ ¢(logs)d (57) _
for @(logs)d (i—Z) > @ (for logsd (i—z)) =
() (f;rizZslogsds)

1 r
= ¢ (logr —3) = Cu ()
Vay, Dinh ly 2.5 dugc chiing minh.

), (0 <r<p).
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